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Abstract
Methodsfor modeling, simulationand optimizationof the
dynamics,stability, andperformanceofhumanoidrobotsare
presentedin thispaper. Optimalcontrol trajectoryfollowing
by joint-levelcontrol combinedwith anonlinecompensation
methodusingJacobiansis proposed.Thekinematicdesign,
dynamicproperties,hard- and software architecture for an
autonomousbiped,andexperimentalresultsarepresented.

INTRODUCTION
Threekey issuesare to be consideredin the designof an
autonomousbipedrobot: (i) the functionalandphysicalre-
quirementsderivedfrom theenvisionedapplicationarea;(ii)
theselectionandintegrationof hardware(HW) andsoftware
(SW)suitedtomeettheserequirements;(iii) thedevelopment
andintegrationof efficientalgorithmsonall levelsof control,
planning,andperceptionsubjectto thereal-timeconstraints
givenby therobotHW andSWdesign.
Many researchgroupsandcompaniesaredevelopingbiped
walking machines,e.g. [1, 3,5,11–13]. However, towards
thedevelopmentof aneffectiveautonomousrobot,all of the
threeareasmentionedabovemustbeconsidered.Especially
for the developmentof dynamicbipedlocomotion,we find
it important to model and simulatethe biped locomotion
dynamicson all levels of the design,implementationand
operationphasesof ahumanoidrobot,e.g. for theselectionof
motorsandgears,or toobtainoptimalstep/stridetrajectories.
Contributionof thispaperisastrategyforprecisemodelingof
leggedlocomotionsystemsrequireshigh dimensionalnon-
linearmultibodysystems(MBS) dynamicswith constraints.
Issuesaddressedarethegeneration,optimization,andcontrol
of stablemotionsfor humanoidrobots.Thepaperproposesa
novel onlinecompensationmethodusingJacobiansto influ-
encethepostureof thehumanoidrobotin selectedcartesian
taskcoordinatedirections.Experimentalresultsconfirmthe
efficacy of our modeling,optimization,andonlinecompen-
sationapproachto humanoidwalking.

MODELING OF DYNAMIC BIPED LOCOMOTION

General considerations
Variousapproachesexist for modelingthe MBS dynamics
of a tree-structuredleggedrobotsubjectto unilateralcontact

constraintsSymbolicmethodsarerequiredfor closed-form
dynamicequationswhichgivethebestperformancein terms
of numberof arithmeticoperationsandbasicfunctioneval-
uationsneededfor evaluation. This approach,though,does
not fulfill the needfor modularityandflexibility if partsof
the kinematicalstructureor the kinetical data have to be
changedandrefinedasoccursfrequentlyduring the design
andoperationcycleof ahumanoidrobot. TheMBSmodeling
andcomputationalapproachchosenis theArticulatedBody
Algorithm (ABA) dueto its superiormodularityandcompu-
tationalefficiency for high dimensionalsystems[4,16].

Thebasicequationsof motionfor ahumanoidrobotarethose
for a rigid, multibodysystemexperiencingcontactforces�� � �����
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where 3 is thenumberof links in thesystem,� 4�5�68796
is thesquare,positive-definitemass-inertiamatrix, �:4�5�6
containsthe Coriolis and centrifugal forces, �;4<5�6 the
gravitational forces,and �=��>?	@4A5�B are the control input
functionswhich aremappedwith the constantmatrix �C45�6D7EB to theactively controlledjoints. Thegroundcontact
constraintson the systemare 0 1 4F5+G2H from which the
constraintJacobianmay be obtained $'&��JILK�MILN 4O5�GPH2796 ,
while *,&Q4R5�GPH is thegroundconstraintforce.

A greatadvantagein leggedsystemsis thattheirconstrained
contactlegs often have uniqueinversekinematicsolutions,
whichcanbeusedtoderivereduceddynamicequations.This
approach,alsoknownascoordinatepartitioning[2], projects
thedynamics(1)ontoareducedsetof independentstatesthus
convertingtheDAE contactsystem(1) into anODE system
of minimal size. Using a recursive multibody algorithmic
approach,the reduceddynamicsmay be evaluatedwithout
explicitly constructingthem[8]. TheconstantmappingS 45=TU6V��G HXW 7E6 from the full statevector � to the independent
states ��Y then reducesthe dimensionof the equationsof
motion andthe systemevolution follows automaticallythe
contactmanifold. Thedependentstates��Z canbecalculated
from ��Y . A partitionof thestatesas �R�[����YL�\��Z]	 existsthat�� Y � S �����
	 �
 � �^�R�_���!������`	��a� ���
	`"%$ (& * &.- (2)
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holds. Theprincipaladvantageof this approachis thatone
needsb only performtheoptimizationon thereduceddimen-
sionalstate.
An importantaspectof formulatingagaitoptimizationprob-
lemis establishingthemany constraintsontheproblem.For
a biped,thegait cycle consistsof severalphasesdescribing
differentcontactsitutationsandbeingseparatedby events.
The orderof contacteventsis straightforwardanddepends
primarily uponthespeedof locomotion.A summaryof the
modelingconstraintsfor acompletegait cycle is [9]:
Periodicgait constraints(gaitoptimization):

Periodicityof continuousstateandcontrolvariables.
Periodicityof groundcontactforces.

Exterior environmentalconstraints:
Kinematicconstraintson the height( c -coordinate)of
theswingleg tips.
Groundcontactforceslie within the friction coneand
unilateralcontactconstraintsarenotviolated.

Interior modelingconstraints:
Jumpconditionsin thesystemvelocitiesduetoinelastic
collisionsof thelegswith theground.
Magnitudeboundsonstates,controlsandcontrolrates.
Actuatortorque-speedlimitations.

d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=dd=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=d=de=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=ee=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e=e1 1
22 1 2

Figure 1. Three Phases of Dynamic Gait with Diff erent
Foot Contact Positions for Leg 1: (1) Heel Roll, (2) Flat
Contact, (3) Toe Roll

Dependinguponwhethera staticallystableor dynamically
stablebipedgait is desired,theoptimizationproblemformu-
lation will have different periodicity, symmetry, and kine-
maticphaseboundaryconstraintsdependingonthefoot con-
tactpositions(Fig.1). Thenumberof phasesmayalsodiffer.
We modelthestaticanddynamicallystablegaitsasfollows.
StaticallyStableGait:
Phase1: Foot 1 flat contact,Foot2 swingingfreely
Phase2: Foot 1 flat contact,Foot2 flat contact
DynamicallyStableGait:
Phase1: Foot 1 heelroll contact,Foot 2 toeroll contact
Phase2: Foot 1 flat contact,Foot2 swingingfreely
Phase2: Foot 1 toeroll contact,Foot 2 swingingfreely

Dynamic model of humanoid robot
As an example,we considerour humanoidcurrentlyunder
development,seeFig. 2 andFig. 4.
Thehumanoidconstructionconsistsof:

two legseachwith 6 links and6 actuatedjoints
hip has3 DoF, knee1 DoF, ankle2 DoF
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Figure 2. Humanoid Kinematic Structure

waistjoint providing a rotationaboutverticalaxis
eachshoulderwith 2 DoF
headis (temporarily)fixedto thebody

Thehumanoiddynamicmodelconsistsof:
17 degreesof freedom
free-floatingbody with centralreferencepoint in the
torsoanda fictitional 6 DoF joint betweenit andan
inertial referenceframe
modeledasa treestructuredmultibody system(con-
tactsare“cut” betweenrobotandground)

If we restrictmotionto thesagittalplane,a minimumsetof
generalizedcoordinatesconsistsof 14positionand14veloc-
ity states���l��>?	�����=�m>?	\	 , thusatotalof 28first orderdifferential
equations.Thenthe free-floatingfictional joint hasonly 3
DoF andeachleg alsoonly 3 DoF. With 3-dimensionalmo-
tion, thereare23positionand23velocitystates�!�l�m>?	��n��o��>?	?	
resultingin 46 differentialequations.

DYNAMIC STABILITY AND PERFORMANCE

Measures for dynamicall y stab le locomotion
Thenotionof staticstability, oftenusedto enforcepostural
stability in leggedsystems,doesnot suffice for fastmotion
astargetedby this work. Staticstability requirestheground
projectedcenterof gravity to lie within thesupportpolygon,
the convex hull about the leg contactpoints. This highly
conservative measureof posturalstability generallyresults
in veryslow leggedmotions.Thenotionof dynamicstability
is requiredfor fasterleggedmotion,yetaspointedout in [6],
a dynamicallystablegait is onewithout staticstability that
is sustainableindefinitely.
TheZMP is thatpointonthegroundwherethetotalmoment
generateddueto gravity and inertia equalszeroor equiva-
lently thepoint wherethenetverticalgroundreactionforce
acts. This point hasfrequentlybeenusedto producestable
locomotionbeyond the region of staticstability [14]. This
measurehasmany deficiencieswhenconsideringfastloco-
motion; in particular, it provideslittle stability information
during the importantrolling actionof the feet (seeFig. 1)



in fastwalking andrunning. Thesupportpolygonmaythen
havep a zeroor reducedsurfacearea,andthe ZMP may lie
directly on the supportboundary, thuson the borderof its
pre-definedstability region.
A stability measurerelatedto the ZMP providing morein-
formationasto the systeminstability waspresentedin [6].
This FRI point or foot-rotationindicatorcoincideswith the
ZMP during periodsof static equilibrium of the foot and
otherwiseprovides information aboutrotational instability
asa functionof theuncompensatedrotationaltorquesof the
systemactingonthefoot. Fromthismeasurewemaydefine
a posturalstability performancecriterion:
Stability Performance1: Averagedistancein the ground
planebetweenthe qQrts pointandthegroundprojectedcenter
of massGCoM normalizedby thedistancetraveled u .v
w yx ������l�.�
z��|{u8}:~!���� GCoM � FRI �X�
� > (3)

This valuealoneis not sufficient to verify or designa dy-
namically stablecontrol strategy, yet it may be combined
with additionaldynamicmeasuresof thesystemsuchasthe
angularmomentumwhichcanprovideastabilityassessment
duringgait optimization,simulation,andon-linecontrol.
A challengefor systemswith limited power supply is to
combineenergy conservingmotionwith therobust,stability
propertiesdiscussedpreviously. It hasbeenwitnessedin
humansthat steady-stateforward walking approximatesa
minimum energy motion accordingto a dynamicalmodel
for thehumanbody[17]. An attemptto reproducesmooth,
naturalmotionshouldalsotake thesefactorsinto account.
Energy Performance1: In legged systemswhere a high
torqueis generatedby a largecurrentin the motor, the pri-
maryformof energylossiscalledtheJoulethermalloss[15].
Onemayminimizetheintegralof this valueover thegait:v`� Px �`zn��{u8}a~!�� 6� �U� `�

�o��� �� ������� � � > (4)

where �
�
,
� �

,

� �
, and

� �
arethe armatureresistance,gear

ratio,torquefactor, andappliedtorquefor link � respectively,
while u is thesteplengthor total distanceof onestride.
Energy Performance2: Anotherefficiency costcriterion is
the specificresistance� asusedin [7]. This measuresthe
outputpower in relationto themassmovedandthevelocity
attainedandis adimensionlessquantity. Its integraloverthe
gait cycle is a normalizedform of thekinetic energyv`� � x ��l�.�
z�� }:~!�� � 6��� l� �

�9�� � ��t��� � (5)

where �t� is theweightof thesystem,

�� � is thejoint � angle
velocityand � is theaverageforwardvelocity.

Optimization of stability and perf ormance indices
Ourapproachusessophisticatednumericaloptimizationtech-
niques,which canincorporatethenumerousmodelingcon-
straintsto generateoptimal trajectories[18]. Theoptimiza-

tionapproachisbasedonadiscretizationof thecontrolprob-
lem in time usingdirect collocationandits subsequentfor-
mulationasa nonlinearprogrammingproblemthensolved
with a sparsesequentialquadraticprogrammingalgorithm.
Theresultingtrajectoriesaretrackedby trajectoryfollowing
controllersin joint space.

ONLINE COMPENSATION
Whenprecalculatedoptimal control trajectoriesareapplied
in practicethereusuallyoccursomedeviationsof stability
criteria or contraintsdue to modelingerrors,link flexibili-
ties, gearloss, backlash,joint control errors,and external
disturbanceforcesactingontherobotfrom theenvironment.
Thesemayresultin a degradedwalkingperformance.
In this sectiona novel methodtermedJacobiCompensation
is proposed,which modifiesprecalculatedtrajectoriesin se-
lectedtaskcoordinatedirectionsin orderto reducestability
criteriadeviationandtherebyimprovewalkingperformance.
TaskcoordinatescanbeselectedCartesiandirectionsof e.g.
the hip coordinateor other task-dependentcriteria suchas
theprojectedCoM, theFRI, etc.
The goalof the methodis to move a specificsetof coordi-
nates� & 4 5�B H of pointsonthehumanoid,e.g.thecenterof
thehipsor anankle,in thedirection ¡�� & in Cartesianspace
to reducedeviations.Thejoint angles� ~ , e.g.obtainedfrom
a precalculatedtrajectory, aremodifiedby ¡ �O�£¢=� ¡�� & 	 ,
where¢ �)¤¥	 transformstheCartesianmotion ¡^� & into ajoint
spacemotion ¡ � . As shown in Fig. 3, this correction ¡ �
is linearily superimposedwith thejoint configuration� ~ re-
sultingin a new posture�
¦§�¨� ~ " ¡ � of therobot.©yª «P¬¯® °2±²³'´oµO¶=·o¸�³E¹Xº ²»#´ ¼½+¾Humanoid¿À
Figure 3. Jacobi Compensation. The precalculated tra-
jector y is modified so that the motion of one par t of the
bod y is increased in direction � & .
The relationshipbetweenCartesianmotion andjoint space
motionis describedby theJacobianv ���nÁ�	o�|Â9Ã � &Ã �LÄ  ¤X¤L¤ Ã � &Ã �LÄ 6ÆÅ 4Ç5 BÈH'7E6 �
a functionof theactualjoint angles�
Ä%4£5�6 which maps
the velocity ��
& in joint spaceto the velocity �� &O4É5�B& in
Cartesianspaceaccordingto�� &o� v �!� Á 	¯��
&LÊ (6)

To invert this relationshipthe pseudoinverse
v
Ë �!�
Äy	OÌÍ�v (=� vnv (�	Î�
 minimizing the Euclidiannorm �U� ��
& �U� � is used

to obtain the joint motion; here, �R& Ï 3 is assumedfor
existenceof asolution,i.e. themotionmodificationis along
lesstaskcoordinates� & thandegrees-of-freedom3 of the



system.Thevelocity for correctionof deviationsis��
&=� v Ë �!� Á 	V�� & � (7)

which is integratedto obtain the positionmodification ¡ �
in joint space.Superimposingit with theprecalculatedtra-
jectory � ~ allows one to adaptthe trajectoryto the actual
requirements,cf. Fig. 3.
Dependingon the control problemthereexist a variety of
possibilitiesto computethecorrectionvelocity �� & . For the
experimentsdescribedbelow, the velocity hasbeenchosen
proportionalto the control error �� &�� � ¡^� & of the task
coordinates,where

�
is apositivedefinite(diagonal)matrix.

Applicationsof thismethodareplentiful: In theexperiments
presentedbelow themethodhasbeenusedtoaltertheposture
of therobotandthusmodify precalculatedtrajectoriesto im-
provewalkingstabilityandperformance.Otherapplications
includethepossibilityto adaptprecalculatedgaittrajectories
to fit for walking onslopes.

MECHANICAL DESIGN AND DYNAMICS

Design considerations
Oneis facedwith a difficult compromisein thedesignof an
autonomousbiped. Maximumagility andspeedof locomo-
tion requirestrongmotorsandgears.Theactuators,though,
mustbe as light aspossiblefor autonomousoperationand
without extensive power consumptionleadingto heavy on-
boardbatteries.A strategy for finding a goodcompromise
betweentheseconflictinggoalsusingdynamicoptimization
hasbeenpresentedwith greaterdetail in [19]. Theresulting
architectureof the80cmhumanoidrobotis shown in Fig. 2.
The optimizationcriterion usedwasEnergy Performance1
of (4) subjectto the completebiped dynamicsfor a rigid
bodymodel(1) andmaximuminput powerconstraints.
Thisinvestigationledto a42V motor(20W)with a66:1gear
ratio,see[19] for details.

Hard- and software architecture
The mechanicalbipedconstruction(cf. Fig. 4) is basedon
linking elementarymoduleseachconsistingof motor, gear,
pulseencoder, L-shapedbaseplate,andleverarm[19]. This
prototypecarriesthreebatteriesfor thepower supplyof the
motors,two of themvisibleonthepictureattheheightof the
hips andbelow the waist joint. The third batteryis located
symmetricallybehindthehips. ThechosenSony BP-L90A
batteriesprovide a capacityof 90Wh each,henceallowing
for approximately45min autonomouswalking.
For this protoype, a standardATX mainboardwith Athlon
1300MHz CPUhasbeenchosenproviding enoughcompu-
tationalpower for motioncontrolandadditionaltaskssuch
asobject recognitionusinga camerasystem. Its power is
suppliedby two BebopEnduraE-50Sbatteries.
ThemotorsareaccessedusinganUSBmotioncontrolboard
developedin the Control SystemsGroupin Berlin [19]. It
consistsof an 8bit microcontrollerincluding 3 USB end-
points,a 6 channelA/D converteranda 16 channelpulse-
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Figure 4. Mechanical Realization of the Biped Prototype

width modulator(PWM) admittingamotorloadof upto 3A
at 55V. The actualmotor position is determinedby evalu-
ating the signalsof pulseencodersattachedto eachmotor.
Up to 4 motorscan be connectedto eachboardweighing
170g. In considerationof the USB control transfermode,
meanUSB communicationdelayaswell asmicrocontroller
computationaltimesrequiredby USB serviceroutinesand
PD control routines,PD control loopsandcommunication
runshave beendesignedandimplementedat 250Hz giving
satisfactorycontrolperformancefor thisprototype.
A graphicaluserinterfacehasbeendevelopedfor rapidcon-
trol prototyping.Thecontrollooptobeimplementediscom-
posedof ordinarySIMULINK blocksets,hencethemigration
from designinga controllerin offline modeto evaluatingit
in anexperimentis subjectto substitutingthesystemmodel
by hardwarein theloopwhich canalsobeaccessedthrough
SIMULINK blocksets.

EXPERIMENTAL RESULTS
In thefollowing, resultsof threeexperimentsaredescribed:
In thefirst experiment,thetrajectoriesgeneratedby numer-
ical optimalcontrol,seeabove,areappliedto thehumanoid
without modificationasreferencetrajectoriesto local joint
PD positioncontrollers.Theresultingwalking performance
issometimesnotstableduetomodelingerrors,gearbacklash,
andothereffects. To improve the precalculatedtrajectories
theJacobicompensationmethodpresentedabove is usedto
heuristicallymodify certaincartesiantaskcoordinatepoints



of the robot in the secondexperiment. For the last experi-
ment,Ð the trajectoriesweremodifiedmanuallyby a teach-in
of Jacobicompensationcoordinates.

Optimal Contr ol Trajector y Experiments
The precalculatedtrajectoriesobtainedby numericalopti-
mizationareappliedto thehumanoidasthereferencetrajec-
toriesto joint level PDpositioncontrollers.Fig. 5 showsthe
measureddataof theleft knee.Sincethekneejoint supports
a significantpart of the robot total weight, the load in the
otherjointsaresimilar or lessthanthekneeload.
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Figure 5. First Experiments with Trajector y Follo wing
Contr ol (knee joint of left leg).

FromFig. 5(a)onecansee,thattheerrorof thecommanded
joint trajectory(dashed)and the measuredposition (solid)
is quitesmallanddoesnot exceed0.025radfor a complete
stride.Thisvalidatestheperformanceof thePDjoint position
controlwith a samplingrateof 250Hz. Thecorresponding
motorcurrent(solid) andPWM ratio (dashed)areshown in
Fig. 5(b). This plot similarly displaysthat the kneejoint
of the robot operateswell below its limits with currentsof
3A (below themaximumH-bridgeamplifiercurrentof 4A)
andthe PWM ratio alwayslessthan50%. Anotherinsight
from thisresultis thatthecommandedPWM ratio is roughly
proportionalto thecurrentin themotors,whichindicatesthat
in principle torquecommandcontrol is realizablewith the
givenhardwarearchitecture.
Despitesmallerrorsin trajectoryfollowing in joint space,the
robotgait wasslightly tottering. Causesmaybeunmodeled
backlashin thegears,link flexibilities, andothereffects.

Heuristic Compensation
In experimentswith precalculatedtrajectoriesit turnedout
thattheCoMisnotshiftedsufficiently faroverthesupporting
leg. The observedeffect is the tilting of the robot towards
the swing leg assoonasthe swing leg lifts off the ground.
Theapplicationof theJacobiCompensationmethodin this
caseincreasesrobustnessby a smallmodificationof thehip
position in lateral direction. This Jacobianis fed with a
heuristicallyfoundcompensationtrajectoryshown in Fig. 6
shifting the centerof massfurther over the supportedarea
of thesupportingleg. Thisheuristiccompensationimproved
thewalkingbehavior of therobotsignificantly.
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Figure 6. Heuristic compensation of hip coor dinate .

Teach-in Compensation
To further improve the Jacobicompensationreference,the
desired¡^� & hasbeentrainedin a teach-incycle. The pre-
calculatedtrajectoryis stoppedevery 2 s and the operator
modifies ¡^� & or directly at the joint level a ¡ � to achieve
a staticallystabletrajectorypoint by keyboardcommands.
Thesetrainedmodificationsof the precalculatedtrajectory
arethenlinearly interpolatedandsuperimposedwith � ~ dur-
ing normaloperation. Again, the improvementof walking
behavior, in particularstability, is significantasaresultfrom
this manualteach-incompensationmethod.
Fig.7(a)againshowsthedesiredandthemeasuredtrajectory
of theleft knee.As therobotnow hasto supportits complete
weight by the knee,the control error is higherthanbefore;
themaximumerroris 0.042rad. FromFig. 7(b)onecansee,
thatthejoint hasreachedits maximumloadcapabilitesasthe
motorcurrentsaturatesandthePWM ratio is closeto 100%.
This is notsurprising,astherobothasbeendesignedfor fast
locomotionwheretherequiredmotor torqueis smallerthan
thetorquenecessaryfor staticallybalancingon oneleg.
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Figure 7. Trajector y follo wing with manuall y modified
trajectories (knee joint of left leg).
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Figure 8. Experimental result with teach-in compensa-
tion: (a) knee joint of left leg; (b) compensation trajector y¡ �XÑ for knee joint.

Theeffectof thecompensationisshownin Fig.8(a)wherethe
precalculatedandmodifiedtrajectoriesof theleft anklejoint
are plotted. The compensationmainly affects the support
phase,wheretherobothasto bebalancedon theleft leg.



CONCLUSIONS
Thedeb velopmentof autonomousbipedalrobotsrequiresre-
sultsfrom many incompletelysolvedresearchareasinclud-
ing fast locomotionandagility. Modeling, simulationand
optimizationof completedynamicmodelsof theleggedrobot
dynamicscangreatlyassistin makingprogresstowardsthis
goal on all levels of design,implementationandoperation.
Wepresentedefficientapproachesfor modelingleggedrobot
dynamicsaswell asmeasuresfor stability andperformance
of legged locomotion. Resultsfor designconsiderations,
trajectoryoptimization,andonline compensationalongse-
lectedtaskcoordianteshave beenpresented.Experimental
resultsdemonstratethesuccessof ourapproachto thecontrol
of thehumanoidprototype.
Furtherstepswill includetheuseof full multibody(inverse)
dynamicalmodels,motorandgeardynamics,andthedevel-
opmentof groundcontactsensors.
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