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ABSTRACT: A general approach for thenumericalsolutionof hybrid,mixed-integer optimalcon-
trol problemsis presented.In an outer level iteration a branch-and-boundprocedure is ap-
plied to search theentire feasiblediscretevariablespace. An inner level iteration containsfor
each actualvalueof thediscretevariablea continuousnonlinearoptimalcontrol problemwith
its nonlineardynamicsdefinedin multiplephasesandphasetransitionsoccuringat unknown
switching points (events)which mustbe solvednumericallysubjectto nonlinearconstraints.
For this purpose, a robustandefficientdirectcollocationmethodis employedthat parameter-
izesboth the continuousstateand control variablesand exploits the sparse structure in the
resultingnonlinearlyconstrainedoptimizationproblems. Theproposedapproach is success-
fully appliedto two new hybrid optimalcontrol benchmarkproblemsfor a motorizedtraveling
salesmanandfor a teamof two cooperating, motorizedsalesmen.

RÉSUMÉ: Cet article présenteuneméthodegéńerale pour la solutionnuḿeriquede problèmes
hybridesde commandeoptimale. Dansl’ itération extérieure, uneméthodede type“Br anch
andBound” estappliqúeepourexplorer tout l’ espaceadmissibledevariablesdiscr̀etes.Dans
l’it ération intérieure desproblèmesde commandeoptimaledoiventêtre résoluspour chaque
valeurdesvariablesdiscr̀etes.La dynamiquenon-linéaire decesproblèmesdecommandeop-
timale estdéfinie dansplusieurs phaseset instantsde commutation,elle est limitéepar des
inéquationsnon-linéaires. La méthodepropośeeestappliqúee à deuxnouveauxcasd’études
portantsur la commandeoptimaled’un voyageurdecommercemotoriśeetd’uneéquipefaisant
cooṕerer deuxvoyageurs decommercemotoriśes.

KEY WORDS: nonlinearhybrid dynamicalsystems,mixed-integer optimal control, branch-and-
bound,sparsedirectcollocation,motorizedtravelingsalesman.

MOTS–CĹES: syst̀emes dynamiques hybrides nonlinéaires, commandeoptimale “entiers
mixtes”,branch andbound,collocationdirecteet adapt́ee, voyageur decommercemotoriśe.



1. Mixed-integer optimal control problem

Optimal control problemsof hybrid dynamicalsystemsoccur in many applica-
tions,e.g., in processengineering[ADJ 99, ALL 97, BEM 99], underactuatedrobot-
ics [BUS 00, HAR 00b], andwalking robots[HAR 00a]. Here,we considera nonlin-
eardynamicalsystemdefinedin nc

�
1 phases� tc

i � tc
i � 1 � � i � 0 ��������� nc, (cf. Fig. 1)
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with apiecewisecontinuouslydifferentiablestatevariablex : � 0 � t f ����� nx , apiecewise
continuouscontrolvariableu : � 0 � t f ����� nu , andabinarycontrolvectorω ��� 0 � 1 � nω.
Thetransitionfromphasei to phasei

�
1 takesplaceattheusuallyunknowneventtime

tc
i , i � 1 ��������� nc, i. e., a switchingpoint. The mixed-integeroptimal control problem
(MIOCP) is definedasminimizing thereal-valued,hybridperformanceindex
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with respectto thecontinuouscontrolvariableu andthediscretecontrolvectorω and
subjectto stateandcontrolvariableinequalityandequalityconstraints
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Numberandtype of constraintsdiffer from onephaseto the other. Furthermore,at
initial, final, andswitchingtimesimplicit andexplicit switchingconditionsmayhold
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where j � k � l areelementsfrom subsetsof � 1 � 2 ��������� nx � andx0 ! j � xf ! k are given real
constants.For a convenientnotationof theobjective [2] andtheswitchingconditions
[6] thenotationtc

nc � 1
�

0 � tc
0 � 0 hasbeenusedwith x 	 t ' 0
 : � lim

δ ( 0
x 	 t ' δ 
 , δ ) 0.

Furthermore,linearconstraintsareimposedon thebinarycontrolvector

lmin � Aω � lmax � A � � nA * nω � lmin � lmax � � nA � [8]

The solutionsof the MIOCP arethe optimal (openloop) trajectoriesof x +,	 t 
 , u +,	 t 
 ,
0 � t � t f , theoptimalphasetransitiontimestc +i , thepossiblyfreefinal timet +f andthe
optimalbinaryparametervectorω + . Theswitchingsat theevent timestc

i mayeither
beinducedexternallyasa resultof controlled switching asin themotorizedtraveling
salesmenproblems(seeSect.3) or asin theoptimalhybridcontrolof anunderactuated
2-DOFmanipulator[HAR 00b]. Theswitchingsmayalsobeinducedinternallywhich
is calledautonomousswitching which occurs,e.g., whensearchingfor theminimum
energy gaitpatternsandtrajectoriesof a quadrupedwalkingmachine[HAR 00a].
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Figure 1. Continuousstatedynamicsdefinedin multiple phases,phasetransitions
occurat switching timestc

i

REMARK 1. A generalclassof hybrid optimal control problemsis definedby de-
termingtheoptimalhybrid— i. e.,continuousu anddiscretev : � 0 � t f �2�436587 nv —

control trajectoriessuchthata hybrid costindex 9 t f
0 L 	 x � u � q � v 
 dt is minimizedsub-

ject to thesystemdynamicṡx � f 	 x � u � q � v � t 
 andfurtherconstraints,wherex denotes
the continuousstateandq : � 0 � t f �:�<;=5>7 nq the discretestate[BUS 00, STR00].
Assuminga finite, eithergiven or bounded,numberof switchingsfor both q andv,
thenthehybrid optimalcontrolproblemcanbetransformedinto a MIOCP with inte-
gervariableswhichmayberepresentedby binaryvariables[BUS 00, STR00]. Thus,
the“nature”of thebinarycontrolvectorω appearingin theMIOCPis ambivalent.On
the onehandit representsthe discretecontrol variablev that controlsthe orderand
typesof phasetransitions,on the otherhandit alsorepresentsthe discretestateq in
eachphase.

2. Decompositionusingbranch and bound and sparsedir ectcollocationmethods

No generalsolutiontechniqueswhich addresstheclassof MIOCP’sarecurrently
available. A framework for modelingand(optimally) controlling mixed logical dy-
namicalsystemsdescribedby lineardynamicequationssubjectto linear inequalities
involving realandintegervariableshasbeenproposedby [BEM 99]. Theon-lineop-
timizationproblemsresultingfrom apredictivecontrolschemearesolvednumerically
by applicationof a mixed-integerquadraticprogrammingbranch-and-boundmethod.
However, theapproachis not applicableto our classof MIOCP’s with nonlineardy-
namicsequationssubjectto nonlinearconstraints.

By discretizingthecontinuousstateandcontrolvariablesof MIOCP’s, theresult-
ing mixed-integer nonlinearlyconstrainedoptimizationproblems(MINLPs) are in
generalnonconvex. Consequently, therecentlydevelopednumericalmethodsfor con-
vex MINLPs [ADJ 99, GRO 97] cannotbe appliedsincethe boundingpropertiesof
therelaxedproblemcannotbeachieved[ALL 97]. However, thereis anotherfunda-



mentalreasonwhy MINLP techniquesarenot suitedfor generalMIOCP’s: thevalue
of thediscretevariabledeterminesthesequence,typeandnumberof phasedynamics.
Thus,thedynamicsin a phaseandeventhedimensionor numberof constraintsmay
be completelydifferentfor differentvaluesof thediscretevariable. A discretization
of thecontinuousvariable,however, mustdependon thedynamicsandconstraintsto
beany effectiveor definedatall.

A prerequisitefor the numericalsolutionof MIOCP’s is the ability to efficiently
solve optimal control problemswith nonlineardynamicalequationsdefinedin mul-
tiple phasessubjectto nonlinearconstraints. The recentlydevelopedsparsedirect
collocationmethodDIRCOL (Sect.2.2)satisfiestheserequirements.

A naive solutionapproachto MIOCP is to enumeratethefeasiblediscretecontrol
space,i. e.,determiningall ω 5 � 0 � 1 � nω satisfyingEq. [8], andsolvingall theresult-
ing “continuous”multi-phaseoptimalcontrol problemsrelatedto eachof the binary
control values. However, even for moderatedimensionsof ω, this approachis not
feasiblebecauseof the combinatorialcomplexity of the discretepart of the hybrid
dynamicoptimizationproblem(cf. exampleof Sect.3.1).

2.1. Decomposition using branch and bound

The motivation for a decompositionapproachis to potentiallyavoid an explicit
enumerationof the entire feasiblediscretecontrol space 5 � 0 � 1 � nω by solving se-
quencesof problemsproviding rigorousupper(non increasing)and lower (non de-
creasing)boundson the MIOCP performanceindex that converge in a significantly
smallernumberof iterations.

To obtainanupperbound,thecomponentsof ω aresetto a combinationof 0 or 1
satisfyingthelinearconstraints[8]. Hereby, theMIOCPis reducedto a“continuous”,
multi-phaseoptimal control problem(primal problem),whosesolution is assumed
and its global optimumyields a rigorousupperboundon the MIOCP performance
index. A lower boundis obtainedby the global optimal solution to a multi-phase
optimalcontrolproblemfor abinarycontrolvectorwith partially relaxedcomponents
0 � ωi � 1, i �?� 1 � 2 ��������� nω � .

A branchandboundtechniquemay startfrom the root of the binarysearchtree,
whereall binary variablesare relaxed if the underlyingMIOCP allows it. In each
innernodesomeof thebinaryvariablesare0 or 1, all othersarerelaxed. At theends
of thesearchtree,all binaryvariablesare0 or 1. At aninnernode,theglobalsolution
of the correspondingmulti-phaseoptimal control problemyields a lower boundon
the achievableperformanceindex for all nodesof thesubtree.If the lower boundin
a nodeis greaterthanthecurrentbestupperboundof thewholesearchtree,thenall
subsequentbranchesfrom this nodecanbecut off. Thus,theefficiency of theB&B
binary treesearchstronglydependson goodlower andupperbounds,especiallyon
a good initial upperboundproducedby a good initial estimateof ω + . Variousand
generalstrategiesfor B&B exist on how to selectthebranchingvariable(suchasfirst



freevariableor maximumfractionalpart)andhow to explorethetree(suchasdepth
first or breadthfirst). Currently, it is not clearyet which strategy performsbestfor
which typeof MIOCP.

REMARK 2. B&B for the binary control vector requiresexistenceof solutionsto
relaxed MIOCP’s, or moreprecisely, the existenceof continuousrelaxationsto the
MIOCP. For someMIOCP’s, relaxationsmay exist naturally, althoughthe relaxed
problemdoesnotneedto beof any physicalsignificancewith respectto theunderlying
application. Usually additionalmodelingeffort will be requiredin definingsuitable
“meta”-MIOCP’s allowing usefulrelaxationsanalogouslyto the definition of super-
structuresfor mixed-integernonlinearprogrammingproblems[ADJ 99].

REMARK 3. As it is to beexpectedthatsomemodelingeffort for theMIOCPmustbe
madebeforeapplyingany numericalmethods,it hasbeensuggestedto derivesuitably
simplifiedandproblemspecific“screeningmodels”[ALL 97]. A screeningmodelcan
besolvedto simultaneouslyguaranteeglobaloptimalityandto yield a rigorouslower
boundon thesolutionto theMIOCP, thusavoiding theneedfor dealingwith relaxed
MIOCP’s. An applicationfor a simplebatchprocessdevelopmenthassuccessfully
beeninvestigatedin [ALL 97].

REMARK 4. TheB&B binarytreesearchincorporatesa high parallelismthatcanbe
employed in future investigationson a massively parallelcomputingplatform asthe
communicationbetweenprocessorscanbeneglectedwhencomparedto thecomputa-
tional time for amulti-phaseoptimalcontrolproblemin a node[GOU 00].

REMARK 5. The linear constraints[8] on the binary control vectorareusedduring
theB&B approachto eliminatenodesbeforeactuallysolvingany relaxedMIOCP’s.

REMARK 6. Thechallengein solvingrelaxedMIOCP’sduringthebinarytreesearch
cannotbeunderestimated.Thereis nonumericalmethodavailablethatsolvesoptimal
control problemswith nonlineardynamicsdefinedin multiple phasesandsubjectto
nonlinearconstraintsandwith phasetransitionsat unknown timesguaranteeingthe
global optimumor that even guaranteesa locally optimal solution in generalat all.
However, not only is the global optimumof interest. For many typesof MIOCP’s,
evena“good” solutionobtainedby theproposedapproachthatsignificantlyimproves
theinitial guesswill behighly appreciated.

2.2. Sparse direct collocation for multi-phase optimal control problems

The “continuous”multi-phaseoptimal control problemsthat areobtainedfrom
Eqs.[1] – [8] by having somecomponentsof ω fixedto 0 or 1 andsomerelaxedstill
includeseveral discreteevent effects. For example,the orderof phasetransitionsis
givenbut not thetimesof switchings.Furtherswitchingpointsmaydescribethetimes
whena stateor control variableinequalityconstraint[3] becomesactive or inactive
duringa phase.
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Figure2. Directcollocationparameterizationof continuousstate/control variables

NumericaloptimalcontrolmethodsbasedontheEuler-Lagrangedifferentialequa-
tions (EL-DEQs)andthe Maximum Principle(MP) canbe mainly divided into two
classes:directandindirectmethods[STR92]. Indirectmethodsapproximatea solu-
tion by explicitly solvingfirst andsecondorderoptimality conditionsresultingfrom
EL-DEQsandthe MP. For reasonsalreadydiscussedin [BUS 00, STR92, STR00]
they arenot flexible enoughfor the purposeneededhere. Direct methodsarebased
on a transcriptionof optimal control problemsinto (finite dimensional)nonlinearly
constrainedoptimizationproblems(NLPs)eitherby directshootingor directcolloca-
tion [BET 98, STR92]. Directmethodspromisehigh flexibility androbustnesswhen
solvingoptimalcontrolproblemsnumericallyto low or moderateaccuracies.

In many practicalapplicationstheproblemfunctionshaveonly low, localdifferen-
tiability properties,i. e.,discontinuitiesin thefirst or secondorderderivatives.Thus,
obtaininga usefulgradientapproximationfor shooting-typediscretizationsis much
more involved sincea numericalsensitivity analysisof initial valueproblemswith
switching points must be carriedout, seee.g., [ALL 97]. On the other hand, for
a collocation-typediscretization,only a careful,but muchcheaperfinite difference
approximationis sufficient with usuallyno needfor specialtreatmentof discontinu-
ities in first or secondderivativesby switchingfunctions. Additionally appealingin
the direct collocationapproachis the potentiallyfastercomputationcomparedto di-
rectshootingbecausetheODE simulation[1] andthecontroloptimizationproblems
[2], [3] aresolvedsimultaneouslyfor collocationandnot iteratively asfor shooting.
To achieve full speed-upfor collocation,the NLP sparsitymust be fully exploited
[BAR 98, BET 98, STR00]. OtherwisetheNLP sizewill severly limit theefficiency.

We apply a discretizationof x by piecewise cubic Hermite polynomialsx̃ 	 t 
@�
∑ j α j x̂ j 	 t 
 andof u by piecewise linear functionsũ 	 t 
A� ∑k βkûk 	 t 
 on a discretiza-

tion grid tc
i � t

� i 

1 � t

� i 

2 � ����� � t

� i 

n
# i $
t

� tc
i � 1 in eachphase(Fig. 2) [HAR 87, STR93].

Theequationsof motions[1] arepointwisefulfilled at thegrid pointsandat their re-
spective midpointsresultingin a setof nonlinearNLP equalityconstraintsa 	 y 
B� 0
(collocationat Lobattopoints). Any control or statevariableinequalityconstraints



are to be satisfiedat the grid points resultingin a set of nonlinearNLP inequality
constraintsb 	 y 
BC 0. Here,y denotestheny parametersof theparameterization

y �D	 α1 � α2 ���E�F�F� β1 � β2 ���F�E�F� p � tc
1 �������G� tc

nc � t f 
 T �
where pi �H� 0 � 1� � i � 1 ��������� np, denotesthe relaxed binary variables. The resulting
nonlinearlyconstrainedoptimizationproblemreadsas

NLP: min
y

φ 	 y 
 subjectto a 	 y 
I� 0 � b 	 y 
AC 0 �
whereφ denotestheparameterizedcostindex [2].

A carefully selecteddiscretizationũ, x̃ mustsatisfycertainconvergenceproper-
ties. One requirementis that the discretizedsolution must approximatea solution
of the EL-DEQsandthe Maximum Principle if the grid becomesfine enough,i. e.,

for n
� i 

t � ∞ andmax� t � i 
k� 1 � t

� i 

k : k � 1 ��������� n � i 
t � 1 � � 0. This propertyis satisfied

by thedirectcollocationmethod[STR 93, STR00]. Anothergreatadvantageof this
approachis thatit providesreliableestimates̃λ of theadjointvariabletrajectoryalong
thediscretizationgrid. Theseestimatesarederivedfrom theLagrangemultipliersof
the NLP [STR 93, STR00]. They enablea verificationof optimality conditionsof
thediscretizedsolutionalthoughtheEL-DEQshavenotbeensolvedexplicitly. Local
optimality error estimatescanbe derived that enableefficient strategies for succes-
sively refininga first solutionon a coarsegrid [STR 99b, STR00]. Thus,a sequence
of relatedNLPs mustbe solvedwhosedimensionsincreasewith the numberof grid
points.

NLPscanbesolvedmostefficiently numericallyby SQPmethods.In eachSQP
iterationa currentguessof thesolutiony + is improvedby thesolutionof a quadratic
subproblemderived from a quadraticapproximationof the Lagrangianof the NLP
subjectto thelinearizedconstraints[BAR 98, GIL 97].

The NLPs resultingfrom a direct collocationdiscretizationhave several special
properties[STR00]: TheNLPsareof large-scalewith very many variablesandvery
many constraints.Most of the NLP constraintsareactive at the solution,e.g., the
equalityconstraintsfrom collocation. Thus, the numberof “free” NLP variablesis
muchsmallerthanthe total numberof variablesny. The Jacobians	 ∇a 	 y 
 � ∇b 	 y 
�

of the NLP are sparseandstructured. Only a few percentof the elementswill be
nonzero,and the percentagedecreasesas the numberof grid points increases.The
NLP objective φ 	 y 
 only dependson a few, fixednumberof variablesindependently
of theactualgrid sizewhentheobjective [2] is of Mayer type, i. e.,L J 0. All these
featurescanbeutilizedby therecentlydevelopedsoftwareDIRCOL [STR99b] which
usesthe recentlarge-scaleSQPmethodSNOPT[GIL 97]. The Hessianof the NLP
Lagrangianis approximatedby limited-memoryquasi-Newtonupdatesanda reduced
Hessianalgorithmis usedfor solvingtheQPsubproblems.Thenull-spacematrix of
theworking setin eachiterationis obtainedfrom a sparseLU factorization.

The computationalspeedupachievableby fully exploiting the NLP structureis
more thana factorof onehundredfor typical discretizedoptimal control problems
whencomparedto standard“dense”SQPmethods[STR00].



REMARK 7. DIRCOL[STR 99b] isespeciallysuitedfor solvingtherelaxedMIOCP’s
becauseof its exceptionalrobustnessandefficiency. Typically only a crudeinitial
guessof partsor all of thesolutiontrajectoriesof a relaxedMIOCP canbeprovided.
This holdsespeciallyfor the phasetransitiontimeswhich may have quite different
positionsat thesolutionthanasthey canbeprovidedinitially. The largemovements
of eventsfrom their initial to their final positionduringthecourseof theoptimization
methodusuallyposehigh difficulties for othermethods.On the otherhand,an ini-
tially crudesolutionestimateon a rathercoarsediscretizationgrid is not a handicap
to DIRCOL but theusualway how thesolutionprocedurebegins. Finally, a relaxed
MIOCP doesnot needto besolvedto thefinestgrid neededfor a giventolerance.If
theoptimality errorestimateof theperformanceindex providedby DIRCOL is taken
into account,thenthecomputationaleffort for solvingfor arefinedgrid canbeavoided
if theerrorestimateindicatesthat the resultfor thecurrentgrid cannotbebelow the
currentupperbound.

3. Hybrid optimal control problemsfor traveling salesmen

C3

C C21

α

y

x

v

Figure3. Nomenclature for themotorizedtravelingsalesmanproblem

In this sectionwe introduceanddiscusstwo new benchmarkproblemsfor hybrid
optimalcontrol. Their majorbenefitsarethat they intuitively helpunderstandingthe
basicproblemsencounteredin hybrid, mixed-integeroptimal control, andthat they
are easily scalablein termsof their combinatorialcomplexity, i. e., the numberof
cities involved, as well as their continuouscomplexity, i. e., the vehicle dynamics
model.Thepresentedapproachhasalsobeenappliedfor optimalhybridcontrolof an
underactuated2-DOFmanipulator[HAR 00b] andfor minimumenergy gait patterns
andtrajectoriesof aquadrupedwalking machine[HAR 00a].

3.1. The motorized traveling salesman problem

The Traveling SalesmanProblem(TSP)is oneof the mostprominentmembers
of combinatorialoptimizationproblems[COO98, LAW 85]. We introducea hybrid
dynamicalextensionof the TSPto demonstratethe stronginteractionof continuous
and discretedynamicsin hybrid optimal control [STR 00]. Here, the salesmanis
supposedto driveacar(Fig. 3). Thisproblemwaspresentedoriginally in [STR99a].
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Figure4. Thefiveminimumtimesolutioncandidatesobtainedfor themotorizedtrav-
eling salesmanproblemwith threecities

Theproblemis describedasfollows: A salesmanspendshis timevisitingnc cities
cyclically. In onetour he passesby each city just onceandfinishesup in the origin
where he started. In what order shouldhe visit themto minimizethe overall travel
time? The taskis to determinethe steeringanglevelocity γ andthe acceleratingor
brakingforceβ (two continuouscontrols)andtheorder(discretecontrol)in whichthe
nc citiesCk �K	 xc

k � yc
k 
 T haveto bevisitedsuchthattheoveralltravel timeis minimized.

Thereareno furtherrestrictionson thepath,i. e.,the“road”, in the 	 x � y
 -plane.

A simplifiedkinematicalmodelof thecaris givenby
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A phasedescribesthe trip betweentwo cities. Thus,thenumberof phasesis nc
�

1.
Let tc

i denotethe time whenthe i-th city is passed:0 � tc
0 � tc

1 � ����� � tc
nc
�

tc
nc � 1 � t f . ThenthemotorizedTSP(MTSP) is formulatedasa MIOCP accordingto
Sect.1 with u �D	 γ � β 
 T , x �P	 x � y� v� α 
 T , ω �?� 0 � 1 � nc * nc1, and

min
u ! ω J � u � ω � : � t f [10]

1For a convenientnotationof the MTSP, ω is heredefinedasa nc Q nc-matrix insteadof a nω R n2
c-

dimensionalvectorasin thegeneralMIOCP settingof Sect.1.
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Figure5. SolutionC1 � C2 � C3 (a1) for themotorizedtravelingsalesmanproblem
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The constraints[11] and [13] ensurethat eachcity is visited exactly onceon each
tour. Eachtour, i. e., eachfeasibleω is a permutationof nc cities. The problemis
autonomousandwithout active stateconstraints.Thus,theMTSP is symmetricasa
tour drivenforwardor backwardsyieldsthesametravel time. Therefore,thenumber
of possibletoursis 	 nc 
 ! X 2. Thenumberof toursdoesnot increasepolynomiallywith
thenumberof cities. For example,for 3 citiesthenumberof toursis 3, for 5 cities it
is 60, for 10 citiesit is 1 814400,andfor 50 citiesit is approximatelyY 1 � 52 Z 1064.
Now if we assumethat all minimum time toursfor 5 cities canbe computedin one
secondinclusivetheselectionof thebestone,thento solvetheproblemfor 20citiesin
this way by total enumerationwill needapproximately20! X 5! Y 2 � 03 Z 1016s Y 643
million years.TheTSPis NP-complete.Therefore,total enumerationof thefeasible
discretevariablespaceis not ausefulapproach.



tour / solution t f tc
1 tc

2 tc
3

1-2-3(a1) 7.6166 2.286 3.139 5.383
1-2-3(a2) 7.6166 2.232 4.481 5.332
2-3-1(b1) 10.0204 3.510 5.302 7.312
2-3-1(b2) 10.7394 3.570 5.336 7.787
3-1-2(c1) 10.7644 2.945 5.331 7.352

Table 1. Total traveltimesandcorrespondingswitching timesfor thesolutioncandi-
datesof themotorizedtravelingsalesmanproblemwith threecities

For nc � 3 citiesC1 �[	 1 � 2
 , C2 �P	 2 � 2
 , C3 �\	 2 � 1
 , thethreepossiblesequences
(“tours”) are

(a) C1 � C2 � C3 (sameasC3 � C2 � C1)
(b) C2 � C3 � C1 (sameasC1 � C3 � C2)
(c) C3 � C1 � C2 (sameasC2 � C1 � C3) .

For eachof the toursthe continuouscontrolsandswitchingtimeshave beenop-
timized usingthe direct collocationmethodof Sect.2.2 with respectto the terminal
time t f for a givendiscretevariable,i. e.,orderof cities,i. e.,sequenceof phases.To
start the iterative direct collocationmethod,initial guessesfor the switchingpoints
consistingof tc

i ! estimate � i, i � 1 ��������� nc
�

1, areused. A linear interpolationof the
coordinatesof thecitiesis appliedasaninitial guessfor x andy, whereasv, α, β, and
γ wereinitially setto zero.

Thereare2nc ] nc � 512possiblecombinationsfor ω andthebinary searchtreeof
Sect.2.1consistsof 2nc ] nc � 1 � 1 � 1023elements,but only 	 nc 
 ! � 6 arefeasiblewith
respectto Eq. [13]. Becauseof the symmetryonly threecandidatesfor the discrete
variableremain.

Thefive solutiontrajectoriesobtainedfor thethreediscretecandidatesby solving
thecorrespondingmulti-phaseoptimalcontrolproblemsnumericallyfor thedescribed
andfor perturbedinitial guessesaredepictedin Fig. 4. Theobtaineddatafor thefinal
timeandswitchingpointsof eachsolutionaregivenin Table1.

The problemhasseveral local minima. Even the bestsolutionfound for the se-
quenceC1 � C2 � C3 is not unique.Thetwo solutions(a1)and(a2)areequivalent
becauseof thesymmetryof theproblemfor thissequenceandyield thesamet +f . Also
for thesequenceC2 � C3 � C1 two localminima(b1)and(b2)havebeenfoundwith
differentvaluesfor t f (Fig. 4). Evenmoremayexist for thecurrentproblem.It must
be expectedthat the numberof local minima increaseswith the numberof cities in-
vestigated.Themany local minimaarea consequenceof theproblemsettingandnot
of thenumericalmethodapplied.Thus,it cannot beexpectedthatsecondordernec-
essaryconditionsmayhelpto reducethenumberof solutioncandidatessignificantly.
As secondordersufficiency conditionscannotbecheckedeasilynumerically, theonly
way left is to solve theproblemfor severaldifferentinitial guessesandthento select
thebestlocalminima.
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Figure6. Theoptimaltoursof twocooperatingmotorizedsalesmento fivecities

The estimatesof the adjoint variablesprovidedby the direct collocationmethod
are usedto check the computedsolutionsfor consistency with the EL-DEQs and
the Maximum Principle. Both controls appearlinearly in the Hamiltonian ^ : �
λxvcosα � λyvsinα � λvβ � λαγ. Thus, λv ) 0 _ β � � 1 and λv � 0 _ β � � 1
areconditionssatisfiedby the computedsolution(Fig. 5). An analogousargument
holdsfor γ andλα (Fig. 5). In addition,two intervals � 0 � 0 � 8� , � 6 � 33� t f � appearwhere
λα 	 t 
`� 0 and,thus,γ is a singularcontrolof order1. Theexistenceof thesetwo sin-
gularcontrolintervalsis alsoindicatedby anotherargument:Becauseα 	 0
 andα 	 t f 

arefree,λα 	 0
L� ∂ϕ X ∂α 	 0
L� 0 � ∂ϕ X ∂α 	 t f 
L� λα 	 t f 
 musthold.

3.2. A team of two cooperating motorized traveling salesmen

We considera hybrid, cooperative dynamicgameextensionof the MTSP for two
salesmenrepresentingtheclassof ratherautonomousdynamicagentsthatcooperate
optimally [GLO 00, STR99a, STR00]: Two motorizedsalesmenstart their tours in
the origin and return to it after each city hasbeenvisitedjust onceby oneandonly
oneof them. In what order shouldthe cities be visitedby each of the salesmento
minimizetheoverall traveltime?

Under the assumptionof Pareto-optimalityof the cooperatingcontrols, candi-
datesfor Pareto-optimalsolutionscan be determinedby optimal control methods
[LEI 74]. Let xI �a	 xI � yI � vI � αI 
 T andxII �b	 xII � yII � vII � αII 
 T denotethe continuous
statevariablesof the first andsecondsalesman,respectively, anduI �a	 γI � βI 
 T and
uII �c	 γII � βII 
 T denotetheir continuouscontrolvariables.Thentheequationsof mo-
tion for both salesmenaredescribedby a systemof differentialequations[9]. With
thebinarycontrolvectorω �V� 0 � 1 � � nc � 1
 * nc thecooperative,hybriddynamicgameof
thetwo motorizedsalesmencanbestatedasa mixed-binaryoptimalcontrolproblem

min
uI ! uI I ! ωJ � uI � uI I � ω � : � t f [14]

subjectto ẋI � f 	 xI � uI 
 � xI ! i 	 0
L� 0 � xI ! i 	 t f 
 � i � 1 � 2 � 3 � [15]

ẋII � f 	 xII � uII 
 � xII ! j 	 0
L� 0 � xII ! j 	 t f 
 � j � 1 � 2 � 3 � [16]



r � i 
 � r � i 
 	 xI 	 tc
i � 0
 � xII 	 tc

i � 0
 � xI 	 tc
i
�

0
 � xII 	 tc
i
�

0
 � ω � tc
i 
� ωnc � 1 ! i S xI 	 tc

i � 0

yI 	 tc

i � 0
 U � 	 1 � ωnc � 1 ! i 
 S xII 	 tc
i � 0


yII 	 tc
i � 0
 U

� nc

∑
k � 1

ωi ! k S xc
k

yc
k U � i � 1 ��������� nc � [17]

xI 	 tc
i
�

0
 � R � i 
"! I 	 xI 	 tc
i � 0
 � ω � tc

i � 0
 : � xI 	 tc
i � 0
 � [18]

xII 	 tc
i
�

0
 � R � i 
"! II 	 xII 	 tc
i � 0
 � ω � tc

i � 0
 : � xII 	 tc
i � 0
 � i � 1 � [19]

i � 1 ��������� nc �M vI 	 t 
 M � vmax � M vII 	 t 
 M � vmax � [20]M uI ! j 	 t 
 M � u j !max� M uII ! j 	 t 
 M � u j !max� j � 1 � 2 � [21]
nc

∑
i � 1

ωi ! k � 1 � nc

∑
k � 1

ωi ! k � 1 � [22]

Theconditions[17] ensurethatat theswitchingpoint tc
i oneof thecitiesCk is visited

by oneof thesalesmen.Theconditions[18] and[19] describethat thestatevariables
arecontinuousat a switchingpoint tc

i . Thelinearconstraints[22] guaranteethateach
city is visitedexactlyonceon eachtour by (only) oneof thesalesmen.If a relaxation
of theproblemis investigatedwith someor all ωi ! k � � , then

0 � ωi ! k � 1 � i � 1 ��������� nc
�

1 � k � 1 ��������� nc � [23]

musthold in addition.

The solutionfor a problemwith 5 citiesC1 �a	 100� 400
 , C2 �c	 200� 200
 , C3 �	 500� 100
 , C4 �d	 400� 300
 , C5 �c	 200� 100
 , andu2 !max �[e 7 andvmax �fe 1000is
displayedin Fig. 6. Thereexist 2∑nc

i � 1 i! � 306possibletours. A problemformula-
tion with 36 binaryvariables[GLO 00] resultsin a binarysearchtreewith 237 � 1 �
1 � 374�F�F� Z 1011 nodes,but only 306 combinationsbeingfeasiblewith respectto the
correspondinglinear constraints[8], i. e., eqs.[22] and [23]. The computationfor
B&B with a depth-firststrategy takes2 hoursand45 minutesdeterminingthe solu-
tion for 151nodeson a Linux-PCwith a PentiumIII/500 MHz processor. Thecom-
putationaltime for solving a single, relaxed MIOCP variedbetweena few seconds
andthreeminutes,while theaveragecomputationaltime perproblemwasaboutone
minute.

REMARK 8. Theminimumtimeobjectiveonly determinesthesolutionfor onesales-
man uniquely, and t +f only givesan upperboundfor the travel time of the second
salesman.If the secondsalesmanis additionallyrequiredto minimize a further cri-
terionsuchastheenergy subjectto anoverall tour time lessthanor equalto t +f , then
thetrajectoriesof thesecondsalesmanwill alsobe(locally) uniquelydetermined.For
example,if theobjective [14] is replacedby

min
uI ! uI I ! ω J � uI � uI I � ω � : � t f

� ρ � t f

0

nu

∑
i � 1 g u2

I ! i 	 t 
 � u2
II ! i 	 t 
�h dt [24]

with asmallweightρ ) 0, thenthesolutionwill belocally uniquelydeterminedagain.



4. Conclusions

A first methodfor solvingnumericallygeneralhybrid optimalcontrolshasbeen
presented.A decompositionapproachis appliedto efficiently solving fairly general
MIOCP’s by branch-and-boundandsparsedirectcollocation.Thedecompositionre-
lies on the capabilitiesof the recentlydeveloped,sparsedirect collocationmethod
DIRCOL for efficiently solving optimalcontrol problemswith multivariablenonlin-
eardynamicsdefinedin multiplephasessubjectto nonlinearconstraints.Furthermore,
two new benchmarkhybrid optimal control problemsarepresentedfor a singleand
two cooperatingmotorizedtravelingsalesmen.

Focusof furtherresearchwill bethederivationof betterlowerbounds,e.g., from
adualizationof ahybridmaximumprinciple,and,thus,amoreefficientbinarysearch.
This mayalsohelp in extendingthesparsedirectcollocationmethodto attainglobal
solutionsin caseof multiple local minima.Furthermethodsareneededto determine
goodinitial estimatesof thediscretevariablesyieldinggoodupperboundsandpossi-
bly reducingtheneedfor a globalbinarysearch.Finally, in working towardssynthe-
sizingfeedbackcontrollersfor MIOCP’s thedevelopmentof theoriesfor perturbation
andsensitivity analysisof suchproblemsareneeded.Despitesomeencouragingfirst
results,researchin nonlinearhybridoptimalcontrolis still at its beginning.
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