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ABSTRAT: A geneal appoad for the numericalsolutionof hybrid, mixed-intger optimal con-
trol problemsis presented.In an outer level iteration a brandh-and-boundprocedue is ap-
plied to searh the entire feasiblediscretevariable space Aninner leveliteration containsfor
ead actualvalueof thediscretevariablea continuousonlinearoptimal contmol problemwith
its nonlineardynamicsdefinedin multiple phasesand phasetransitionsoccuringat unknown
switching points (events)which mustbe solvednumerically subjectto nonlinear constaints.
For this purpose a robustand efficientdirect collocationmethodis employedhat parameter
izesboth the continuousstate and control variablesand exploits the spaise structue in the
resultingnonlinearly constained optimizationproblems. The proposedappmoad is success-
fully appliedto two new hybrid optimal control bendmark problemsfor a motorizedtraveling
salesmarandfor a teamof two coopeating, motorizedsalesmen.

RESUME: Cetarticle présenteune méthodegérérale pour la solution nurérique de problemes
hybridesde commandeptimale Dans!’ itération extérieure, une méthodede type “Br anch

andBound” estappliqgueepour explorer tout!” espaceadmissibledevariablesdiscretes.Dans
I'it ération intérieure desproblemesde commandeptimaledoiventétre résoluspour chaque
valeurdesvariablesdiscretes.La dynamiquenon-linéaire de cesproblemesde commandep-

timale est définie dansplusieus phaseset instantsde commutation glle estlimitée par des
inéquationsnon-lingaires. La méthodepropo$e estappliqlée a deuxnouveauxcasd'études
portantsurla command@ptimaled’un voyajeur decommece motoris etd'uneéquipefaisant
cooperer deuxvoyageurs decommete motories.

KEY WORDS: nonlinear hybrid dynamicalsystemsmixed-intger optimal control, branch-and-
bound,spassedirectcollocation,motorizedravelingsalesman.
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1. Mixed-integer optimal control problem

Optimal control problemsof hybrid dynamicalsystemsoccurin mary applica-
tions,e.g., in processengineerindADJ 99, ALL 97,BEM 99|, underactuatedbbot-
ics[BUS 00, HAR 00, andwalking robots|[HAR 004. Here,we considera nonlin-

eardynamicalsystemdefinedin nc + 1 phasegt’,t% ,], i =0,...,nc, (cf. Fig. 1)
X(t) = f(i)(x(t)au(t)amat)a tlc <t< tia—la [1]

with apiecevisecontinuoushydifferentiablestatevariablex : [0,t] — R™, apiecavise
continuouscontrolvariableu : [0,tf] — R™, andabinarycontrolvectorw € {0,1}".
Thetransitionfrom phase to phase + 1 takesplaceattheusuallyunknovn eventtime
te, i =1,...,nc, i.e.,aswitchingpoint. The mixed-integer optimal control problem
(MIOCP) is definedasminimizing thereal-valued,hybrid performanceéndex

nc+1 tic

Ju, 0 = Z <¢(i)(X(tic—O),X(ti°+0),w,ti°)+ . L(i)(X(t),U(t),w,t)dt>[2]

t|—l
with respecto thecontinuouscontrolvariableu andthe discretecontrolvectorw and
subjectto stateandcontrolvariableinequalityandequalityconstraints
0 < g(i),j(x(t)au(t)7w7t)7 J = 17---;ng(i)7 [3]
0 = h(i),j(x(t)iu(t)70‘)7t)7 J = 17"'7nh(i)' [4]

Numberandtype of constraintdiffer from one phaseto the other Furthermoreat
initial, final, andswitchingtimesimplicit andexplicit switchingconditionsmayhold

0 = r(0)7j(X(O),X(tf),(x),tf), J = 1)"'5”!’(0)) [5]
0 = r(i),j(x(tic_ O)ax(tic+0)7(*)atic)7 J = 1;---;nr(i)7 i=1,...,n [6]
xj(0) = x5, X(tr) = Xtk N({E+0) = Ry (Xt =0),0,t%),  [7]

where j,k,| are elementsfrom subsetsof {1,2,...,n} andxgj, Xf x are givenreal

constantsFor a corvenientnotationof the objective [2] andthe switchingconditions

[6] thenotationt?_,; + 0= t; = 0 hasheenusedwith x(t £ 0) := elsimox(t +9),06>0.
—

Furthermorelinearconstraintsareimposedon the binary control vector
Imin < AW <Imax, A€ R®W M |pin Imax € R™. (8]

The solutionsof the MIOCP arethe optimal (openloop) trajectoriesof x*(t), u*(t),
0 <t <t¢, theoptimalphasdransitiontimest®*, thepossiblyfreefinal timet; andthe
optimal binary parameterectorw*. The switchingsat the eventtimest® may either
be inducedexternally asa resultof contmlled switching asin the motorizedtraveling
salesmemroblemgqseeSect.3) or asin theoptimalhybrid controlof anunderactuated
2-DOFmanipulatofHAR 00H. Theswitchingsmayalsobeinducedinternallywhich
is calledautonomouswitching which occurs,e.g., whensearchingor the minimum
enegy gait patternsaandtrajectorief a quadrupedvalking machingfHAR 004.
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Figure 1. Continuousstatedynamicsdefinedin multiple phases phasetransitions
occurat switching timest?

REMARK 1. A generalclassof hybrid optimal control problemsis definedby de-
termingthe optimalhybrid — i. e.,continuouss anddiscretev : [0,t;] - ¥ C Z™ —

controltrajectoriessuchthata hybrid costindex féf L(x,u,q,V)dt is minimizedsub-
jectto thesystemdynamicsx = f(x, u,q,v,t) andfurtherconstraintsyherex denotes
the continuousstateandq : [0,t;] — Q C Z" the discretestate[BUS 00, STROQ].
Assuminga finite, eithergiven or bounded numberof switchingsfor both q andv,
thenthe hybrid optimal control problemcanbetransformednto a MIOCP with inte-
gervariableswvhich mayberepresentetdy binaryvariable§BUS 00, STROQ]. Thus,
the“nature” of thebinarycontrolvectorw appearingn theMIOCP is ambialent.On
the one handit representshe discretecontrol variablev that controlsthe orderand
typesof phasetransitions,on the otherhandit alsorepresentshe discretestateq in
eachphase.

2. Decompositionusing branch and bound and sparsedir ect collocation methods

No generakolutiontechniquesvhich addresshe classof MIOCP’s arecurrently
available. A framawork for modelingand (optimally) controlling mixed logical dy-
namicalsystemslescribedy lineardynamicequationssubjectto linearinequalities
involving realandintegervariableshasbeenproposedy [BEM 99]. Theon-line op-
timizationproblemgesultingfrom a predictive controlschemeresolvednumerically
by applicationof a mixed-integerquadratigprogrammingoranch-and-bounthethod.
However, the approachs not applicableto our classof MIOCP’s with nonlineardy-
namicsequationsubjectto nonlinearconstraints.

By discretizingthe continuousstateandcontrol variablesof MIOCP's, theresult-
ing mixed-integer nonlinearly constrainedoptimization problems(MINLPS) are in
generahoncorvex. Consequentlytherecentlydevelopednumericalmethodgor con-
vex MINLPs [ADJ 99, GRO 97] cannotbe appliedsincethe boundingpropertiesof
therelaxed problemcannotbe achieved[ALL 97]. However, thereis anotherfunda-



mentalreasonwhy MINLP techniquesrenot suitedfor generalMIOCP’s: thevalue
of thediscretevariabledetermineshe sequenceype andnumberof phasedynamics.
Thus,thedynamicsin a phaseandeventhe dimensionor numberof constraintanay
be completelydifferentfor differentvaluesof the discretevariable. A discretization
of the continuousvariable,however, mustdependon the dynamicsand constraintgo

beary effective or definedatall.

A prerequisitefor the numericalsolutionof MIOCP's is the ability to efficiently
solve optimal control problemswith nonlineardynamicalequationsdefinedin mul-
tiple phasessubjectto nonlinearconstraints. The recently developedsparsedirect
collocationmethodDIRCOL (Sect.2.2) satisfiegheserequirements.

A naive solutionapproactto MIOCP is to enumeratehe feasiblediscretecontrol
spacej. e.,determiningall w C {0, 1}" satisfyingEq. [8], andsolvingall theresult-
ing “continuous” multi-phaseoptimal control problemsrelatedto eachof the binary
control values. However, even for moderatedimensionsof w, this approachis not
feasiblebecausenf the combinatorialcomplexity of the discretepart of the hybrid
dynamicoptimizationproblem(cf. exampleof Sect.3.1).

2.1. Decomposition using branch and bound

The motivationfor a decompositiorapproachs to potentially avoid an explicit
enumeratiorof the entire feasiblediscretecontrol spacec {0,1}" by solving se-
quencesof problemsproviding rigorousupper(non increasing)and lower (non de-
creasing)boundson the MIOCP performancendex that corvergein a significantly
smallernumberof iterations.

To obtainanupperbound,the component®f w aresetto a combinationof 0 or 1
satisfyingthelinearconstraintg8]. Herebythe MIOCP is reducedo a“continuous”,
multi-phaseoptimal control problem (primal problem), whosesolutionis assumed
andits global optimumyields a rigorousupperboundon the MIOCP performance
index. A lower boundis obtainedby the global optimal solutionto a multi-phase
optimalcontrolproblemfor a binarycontrolvectorwith partially relaxedcomponents
0<w<1,ie{l,2,...,nu}.

A branchandboundtechniquemay startfrom the root of the binary searchtree,
whereall binary variablesare relaxed if the underlyingMIOCP allows it. In each
innernodesomeof the binaryvariablesareO or 1, all othersarerelaxed. At theends
of thesearchree,all binaryvariablesare0 or 1. At aninnernode,theglobalsolution
of the correspondingnulti-phaseoptimal control problemyields a lower boundon
the achievableperformanceandex for all nodesof the subtree.If the lower boundin
anodeis greaterthanthe currentbestupperboundof the whole searcthtree, thenall
subsequenibranchedrom this nodecanbe cut off. Thus,the efficiency of the B&B
binary tree searchstrongly dependson good lower and upperbounds,especiallyon
a goodinitial upperboundproducedby a good initial estimateof w*. Variousand
generaktratgiesfor B&B exist on how to selectthe branchingvariable(suchasfirst



free variableor maximumfractionalpart) andhow to explorethetree(suchasdepth
first or breadthfirst). Currently it is not clearyet which stratgyy performsbestfor
whichtypeof MIOCP.

REMARK 2. B&B for the binary control vector requiresexistenceof solutionsto
relaxed MIOCP’s, or more precisely the existenceof continuousrelaxationsto the
MIOCP. For someMIOCP’s, relaxationsmay exist naturally althoughthe relaxed
problemdoesnotneedto beof any physicalsignificancewith respecto theunderlying
application. Usually additionalmodelingeffort will be requiredin definingsuitable
“meta’-MIOCP’s allowing usefulrelaxationsanalogouslyto the definition of super
structuredor mixed-integernonlinearprogrammingproblemgADJ 99].

REMARK 3. Asit isto beexpectedhatsomemodelingeffort for the MIOCP mustbe

madebeforeapplyingary numericalmethodsijt hasbeensuggestetb derive suitably

simplifiedandproblemspecific‘screeningmodels”[ALL 97]. A screeningnodelcan

be solvedto simultaneoushguaranteglobal optimality andto yield a rigorouslower

boundon the solutionto the MIOCP, thusavoiding the needfor dealingwith relaxed

MIOCP'’s. An applicationfor a simple batchprocessdevelopmenthassuccessfully
beeninvestigatedn [ALL 97].

REMARK 4. TheB&B binarytreesearchincorporates high parallelismthatcanbe
employedin future investigationon a massvely parallelcomputingplatform asthe
communicatiorbetweemrocessorsanbe neglectedwvhencomparedo thecomputa-
tional time for amulti-phaseoptimal control problemin a node[GOU 00].

REMARK 5. Thelinear constraintg8] on the binary control vectorare usedduring
theB&B approactto eliminatenodesbeforeactuallysolvingary relaxedMIOCP's.

REMARK 6. Thechallengdn solvingrelaxedMIOCP’s duringthebinarytreesearch
cannotbe underestimatedr hereis no numericaimethodavailablethatsolvesoptimal
control problemswith nonlineardynamicsdefinedin multiple phasesandsubjectto

nonlinearconstraintsandwith phasetransitionsat unknovn times guaranteeingthe
global optimumor that even guarantees locally optimal solutionin generalat all.

However, not only is the global optimum of interest. For mary typesof MIOCP's,

evena“good” solutionobtainedby the proposedapproachthatsignificantlyimproves
theinitial guesswill behighly appreciated.

2.2 Sparsedirect collocation for multi-phase optimal control problems

The “continuous” multi-phaseoptimal control problemsthat are obtainedfrom
Eqgs.[1] —[8] by having somecomponent®f w fixedto 0 or 1 andsomerelaxedstill
include several discreteevent effects. For example,the orderof phasetransitionsis
givenbut notthetimesof switchings.Furtherswitchingpointsmaydescribehetimes
whena stateor control variableinequality constraint{3] becomesactive or inactive
duringaphase.
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Figure 2. Directcollocationparameterizatiorof continuousstate/contol variables

NumericaloptimalcontrolmethoddasedntheEulerLagrangaifferentialequa-
tions (EL-DEQs)andthe Maximum Principle (MP) canbe mainly divided into two
classesdirectandindirectmethod4dSTR 92]. Indirectmethodsapproximatea solu-
tion by explicitly solving first andsecondorderoptimality conditionsresultingfrom
EL-DEQsandthe MP. For reasonsalreadydiscussedn [BUS 00, STR92, STROQ|
they arenot flexible enoughfor the purposeneedechere. Direct methodsare based
on a transcriptionof optimal control problemsinto (finite dimensional)nonlinearly
constrainedptimizationproblems(NLPs)eitherby directshootingor directcolloca-
tion [BET 98, STR92]. Direct methodgpromisehigh flexibility androbustnessvhen
solvingoptimalcontrol problemsnumericallyto low or moderateaccuracies.

In mary practicalapplicationghe problemfunctionshave only low, local differen-
tiability propertiesj. e., discontinuitiesn thefirst or secondorderderivatives. Thus,
obtaininga usefulgradientapproximationfor shooting-typediscretizationds much
more involved sincea numericalsensitvity analysisof initial value problemswith
switching points must be carriedout, seee.g., [ALL 97]. On the other hand, for
a collocation-typediscretization,only a careful, but much cheapeffinite difference
approximationis sufficient with usuallyno needfor specialtreatmentof discontinu-
ities in first or secondderivativesby switching functions. Additionally appealingn
the direct collocationapproachs the potentiallyfastercomputationcomparedo di-
rectshootingbecausehe ODE simulation[1] andthe control optimizationproblems
[2], [3] aresolved simultaneoushyfor collocationandnot iteratively asfor shooting.
To achieve full speed-ugdor collocation,the NLP sparsitymust be fully exploited
[BAR 98, BET 98, STRO0(Q]. Otherwisethe NLP sizewill severly limit theefficiency.

We apply a discretizationof x by piecavise cubic Hermite polynomialsX(t) =
¥ X (t) andof u by piecawise linear functionsii(t) = ¥ Bklk(t) on adiscretiza-

tion grid t° = tf) < tg) <...< t(i(?) =tf,, in eachphase(Fig. 2) [HAR 87, STR93).
N

The equationsof motions[1] arepointwisefulfilled atthe grid pointsandat their re-
spectve midpointsresultingin a setof nonlinearNLP equality constraintsa(y) = 0
(collocationat Lobatto points). Any control or statevariableinequality constraints



areto be satisfiedat the grid pointsresultingin a setof nonlinearNLP inequality
constraintd(y) > 0. Here,y denoteghe ny parametersf the parameterization

y = (al7a23 b} Bl) BZ) )y pﬂtj(; s ;tﬁcatf)T'
wherep; € [0,1],i = 1,...,np, denotesthe relaxed binary variables. The resulting
nonlinearlyconstraineaptimizationproblemreadsas

NLP: myincp(y) subjectto a(y) =0, b(y) >0,

where@ denoteghe parameterizedostindex [2].

A carefully selecteddiscretization(i, X mustsatisfy certaincorvergenceproper
ties. Onerequirements that the discretizedsolution must approximatea solution
of the EL-DEQs andthe Maximum Principleif the grid becomedine enough,i. e.,
for n{") — e and max{tli'll —t!:k=1,...,n" — 1} - 0. This propertyis satisfied
by thedirectcollocationmethod[STR 93, STROQ]. Anothergreatadvantageof this
approachs thatit providesreliableestimate of theadjointvariabletrajectoryalong
the discretizationgrid. Theseestimatesrederivedfrom the Lagrangemultipliers of
the NLP [STR93, STRO0Q]. They enablea verification of optimality conditionsof
thediscretizedsolutionalthoughthe EL-DEQshave not beensolvedexplicitly. Local
optimality error estimatescan be derived that enableefficient stratgies for succes-
sively refining afirst solutionon a coarsegrid [STR99b, STR0Q]. Thus,asequence
of relatedNLPs mustbe solved whosedimensiongncreasewith the numberof grid
points.

NLPs canbe solved mostefficiently numericallyby SQPmethods.In eachSQP
iterationa currentguessof the solutiony* is improved by the solutionof a quadratic
subproblemderived from a quadraticapproximationof the Lagrangianof the NLP
subjectto thelinearizedconstraint§BAR 98, GIL 97].

The NLPs resultingfrom a direct collocationdiscretizationhave several special
propertie§STROQ]: The NLPsareof large-scalewith very mary variablesandvery
mary constraints. Most of the NLP constraintsare active at the solution, e.g., the
equality constraintsfrom collocation. Thus, the numberof “free” NLP variablesis
much smallerthanthe total numberof variablesn,. The JacobiangOa(y),Ob(y))
of the NLP are sparseand structured. Only a few percentof the elementswill be
nonzero,andthe percentagelecreasesasthe numberof grid pointsincreases.The
NLP objective @(y) only dependn a few, fixed numberof variablesindependently
of the actualgrid sizewhenthe objective [2] is of Mayertype,i. e.,L = 0. All these
featurescanbeutilized by therecentlydevelopedsoftwareDIRCOL [STR 99h which
usesthe recentlarge-scalésSQP methodSNOPT[GIL 97]. The Hessianof the NLP
Lagrangiaris approximatedy limited-memoryquasi-Nevton updatesaandareduced
Hessiarnalgorithmis usedfor solving the QP subproblemsThe null-spacematrix of
theworking setin eachiterationis obtainedirom a sparsd_U factorization.

The computationalspeedupachievable by fully exploiting the NLP structureis
morethan a factor of one hundredfor typical discretizedoptimal control problems
whencomparedo standarddense”SQPmethoddSTR 0Q].



REMARK 7. DIRCOL [STR 990 is especiallysuitedfor solvingtherelaxedMIOCP’s
becauseof its exceptionalrobustnessand efficiency. Typically only a crudeinitial
guesf partsor all of the solutiontrajectoriesof a relaxed MIOCP canbe provided.
This holds especiallyfor the phasetransitiontimeswhich may have quite different
positionsat the solutionthanasthey canbe providedinitially. Thelarge movements
of eventsfrom theirinitial to their final positionduring the courseof the optimization
methodusually posehigh difficulties for other methods. On the otherhand,an ini-
tially crudesolutionestimateon a rathercoarsediscretizationgrid is not a handicap
to DIRCOL but the usualway how the solutionprocedurebegins. Finally, a relaxed
MIOCP doesnot needto be solvedto thefinestgrid neededor a giventolerance.If
the optimality errorestimateof the performancendex providedby DIRCOL is taken
into accountthenthecomputationagffort for solvingfor arefinedgrid canbeavoided
if the error estimateindicatesthatthe resultfor the currentgrid cannotbe below the
currentupperbound.

3. Hybrid optimal control problemsfor traveling salesmen

Figure 3. Nomenclatue for the motorizedtravelingsalesmarproblem

In this sectionwe introduceanddiscusgwo new benchmarkproblemsfor hybrid
optimal control. Their major benefitsarethatthey intuitively help understandinghe
basicproblemsencounteredn hybrid, mixed-integer optimal control, andthat they
are easily scalablein termsof their combinatorialcomplexity, i. e., the numberof
cities involved, as well as their continuouscompleity, i. e., the vehicle dynamics
model. The presente@dpproachasalsobeenappliedfor optimalhybrid controlof an
underactuate@-DOF manipulatofHAR 00l andfor minimum enepgy gait patterns
andtrajectoriesof aquadrupedvalking machingfHAR 004.

3.1. The motorized traveling salesman problem

The Traveling SalesmarProblem(TSP)is one of the mostprominentmembers
of combinatorialoptimizationproblems[COO 98, LAW 85]. We introducea hybrid
dynamicalextensionof the TSPto demonstratehe stronginteractionof continuous
and discretedynamicsin hybrid optimal control [STR00]. Here, the salesmaris
supposedo drive a car(Fig. 3). This problemwaspresenteariginally in [STR 994.
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Figure4. Thefive minimumtime solutioncandidatebtainedfor the motorizedrav-
eling salesmarproblemwith threecities

The problemis describedasfollows: A salesmarspendsis timevisiting nc cities
cyclically. In onetour he passedy ead city just onceand finishesup in the origin
whele he started. In what order shouldhe visit themto minimizethe overall travel
time? Thetaskis to determinethe steeringanglevelocity y andthe acceleratingr
brakingforce3 (two continuouscontrols)andthe order(discretecontrol)in whichthe
ne citiesCy = (x¢,¥E) T haveto bevisitedsuchthattheoveralltravel timeis minimized.
Thereareno furtherrestrictionsonthe path,i. e.,the“road”, in the (x, y)-plane.

A simplifiedkinematicalmodelof the caris givenby

X(t) = v(t)coga(t)), x(0)=0=x(ts),
(O = vOsina),  y(0)=0=yt), ]
v(t) = B(t), v(0) =0=v(tr), IB()| < 1,
at) = v, a(0), a(ty) freg |y(t)| < 1.
A phasedescribeghe trip betweentwo cities. Thus,the numberof phasess nc + 1.
Let t° denotethe time whenthe i-th city is passed0=t§ < tf < ... <t <

tﬁc+l = t;. Thenthe motorizedTSP (MTSP)is formulatedasa MIOCP accordingto
Sect.1 with u = (y, B)T, X = (x7y7\/7g)T, we {0, 1}nc><nc1, and

min J[u, o] := [10]

)

1For a corvenientnotationof the MTSP, w is heredefinedasa ng x nc-matrix insteadof a ng, = n2-

dimensionalectorasin the generaMIOCP settingof Sect.1.
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Figure5. SolutionC; — C, — Cs (al) for the motorizedravelingsalesmarmproblem

r(i)<x<ti°—0),x<ti°+0),w,ti°):=( i ) zmk( ) [11]

X(t° +0) = Ryj) (X(t7 — 0), w, 7 — 0) := x(t7 — 0) [12]
ne ne
Zm,k =1 Y wx=1 0<wr<1l [13]
= =

The constraintg11] and [13] ensurethat eachcity is visited exactly onceon each
tour. Eachtour, i. e., eachfeasiblew is a permutationof n; cities. The problemis

autonomousandwithout active stateconstraints.Thus,the MTSP is symmetricasa
tour drivenforward or backwardsyieldsthe sametravel time. Therefore the number
of possibletoursis (n¢)! /2. Thenumberof toursdoesnotincreasepolynomiallywith

the numberof cities. For example,for 3 citiesthe numberof toursis 3, for 5 citiesit

is 60, for 10 citiesit is 1 814400, andfor 50 citiesit is approximatelyx 1.52 x 1064,

Now if we assumehatall minimum time toursfor 5 cities canbe computedn one
secondnclusive theselectiorof thebestone,thento solve theproblemfor 20 citiesin

this way by total enumeratiomwill needapproximately20!/5! ~ 2.03x 10'6s ~ 643
million years. The TSPis NP-complete . Therefore total enumeratiorof the feasible
discretevariablespaces not a usefulapproach.



| tour/solution| t¢ [ t§ | t§ | t§ |
1-2-3(al) | 7.6166] 2.286] 3.139] 5.383
1-2-3(a2) 7.6166| 2.232 | 4.481| 5.332
2-3-1(b1) 10.0204| 3.510| 5.302 | 7.312
2-3-1(b2) 10.7394| 3.570| 5.336 | 7.787
3-1-2(cl) | 10.7644| 2.945| 5.331| 7.352

Table 1. Total traveltimesand correspondingswitching timesfor the solutioncandi-
datesof the motorizedravelingsalesmarproblemwith threecities

Fornc = 3 citiesCy; = (1,2), C2; = (2,2), C3 = (2,1), thethreepossiblesequences
(“tours”) are
(a) Ci—>C—GC3 (sameasC3 —-Cr— C1)
() Co—C3—C; (sameasC;— C3—Cy)
(c) C3—>Ci—Cy (sameasCy— C;— Cg).

For eachof the toursthe continuouscontrolsand switchingtimes have beenop-
timized usingthe direct collocationmethodof Sect.2.2 with respecto the terminal
timet; for agivendiscretevariable,i. e., orderof cities,i. e., sequencef phasesTo
startthe iterative direct collocationmethod,initial guessegor the switching points
consistingof tfesﬁmate: i,i=1,...,nc+ 1, areused. A linear interpolationof the
coordinate®f thecitiesis appliedasaninitial guessfor x andy, whereay, a, 3, and

y wereinitially setto zero.

Thereare 2" = 512 possiblecombinationsor w andthe binary searchtree of
Sect.2.1consistof 2"eMet! _ 1 = 1023elementsbut only (nc)! = 6 arefeasiblewith
respecto Eq.[13]. Becauseof the symmetryonly threecandidatesor the discrete
variableremain.

Thefive solutiontrajectoriesobtainedfor the threediscretecandidatedy solving
thecorrespondingnulti-phaseoptimalcontrolproblemaumericallyfor thedescribed
andfor perturbednitial guessesredepictedn Fig. 4. The obtaineddatafor thefinal
time andswitchingpointsof eachsolutionaregivenin Tablel.

The problemhasseveral local minima. Eventhe bestsolutionfound for the se-
guenceC; — C — Cgz is notunique. The two solutions(al) and(a2)areequialent
becaus®f the symmetryof the problemfor this sequencandyield thesamet;. Also
for thesequenc€, — C3 — C; two localminima(b1) and(b2) have beenfoundwith
differentvaluesfor t; (Fig. 4). Evenmoremay exist for the currentproblem. It must
be expectedthat the numberof local minimaincreasesvith the numberof citiesin-
vestigated.The mary local minimaarea consequencef the problemsettingandnot
of the numericalmethodapplied. Thus,it cannot be expectedthatsecondrdernec-
essaryconditionsmay helpto reducethe numberof solutioncandidatesignificantly
As secondrdersufficiengy conditionscannotbechecledeasilynumerically theonly
way left is to solve the problemfor several differentinitial guessesindthento select
thebestlocal minima.
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Figure 6. Theoptimaltours of two coopeating motorizedsalesmetio five cities

The estimatef the adjoint variablesprovided by the direct collocationmethod
are usedto checkthe computedsolutionsfor consisteng with the EL-DEQs and
the Maximum Principle. Both controls appearlinearly in the Hamiltonian # :=
Axveosa + Ayvsina +AyB+Aqy. Thus,Ay >0=pB=—-1land\, <0=pB=+1
are conditionssatisfiedby the computedsolution (Fig. 5). An analogousargument
holdsfor y andAq (Fig. 5). In addition,two intervals [0, 0.8], [6.33,t;] appeawhere
Aq(t) = 0and,thus,yis asingularcontrol of orderl. The existenceof thesetwo sin-
gularcontrolintervalsis alsoindicatedby anotheragument:Becausex (0) anda(tt)
arefree,Aq(0) = 0¢/0a(0) = 0= 0 /da(ts) = Aq(tf) musthold.

3.2. A team of two cooperating motorized traveling salesmen

We considera hybrid, cooperatre dynamic gameextensionof the MTSP for two
salesmenepresentinghe classof ratherautonomouslynamicagentshat cooperate
optimally [GLO 00, STR99g STROQ]: Two motorizedsalesmerstart their toursin
theorigin andreturnto it after each city hasbeenvisitedjust onceby oneand only
one of them. In what order shouldthe cities be visited by eac of the salesmerto
minimizethe overall traveltime?

Under the assumptionof Pareto-optimalityof the cooperatingcontrols, candi-
datesfor Pareto-optimalsolutionscan be determinedby optimal control methods
[LEI 74]. Letx = (x;,yi,vi,00)T andxy = (xu,yi,vi,on)" denotethe continuous
statevariablesof the first and secondsalesmanyespectiely, andu, = (y;,B))" and
uy = (y”,B”)T denotetheir continuouscontrol variables.Thenthe equationf mo-
tion for both salesmerare describedoy a systemof differentialequationg9]. With
thebinarycontrolvectorw € {0, 1}("e+1*"e the cooperatie, hybrid dynamicgameof
thetwo motorizedsalesmertanbe statedasa mixed-binaryoptimal controlproblem

min J[uj,uy,w =t [14]
up,Up,0
subjectto x = f(x,u), xi(0) =0=x(tf), i =123, [15]

xi = fa,un), x1,j(0)=0=xyj(ts), j =1,2,3, [16]



riy = o —0),xn(t —0),x(tF 4 0),x (t° + 0), w, 1)

_ [ x(E=0) ) 1 nin ( X (7 —0) )
= Onetd ( yi (tic _ 0) + ( 0‘)"1c+1,|) Vi (tic _ O)
i xS > .
- w k), i=1,...,n, 17
> ,k( y . [17]
xi(t°+0) = R, (xi(tf—0),0,t—0) :=x(t°-0), (18]
X ('[,c + O) = R(i),” (Xll (tic — O),(J.),'[ic — 0) =X ('[lc — O),i =1, [19]
i = 1, .. .,nc,
M) < Vmax Vi) < Vmax [20]
ui® < Upmax  |uni®)] < Ujmax (=12 [21]
Ne Ne
Wik =1, wk =1 [22]

Theconditions[17] ensurethatat the switchingpointt® oneof thecities Cy is visited
by oneof the salesmenThe conditions[18] and[19] describethatthe statevariables
arecontinuousat a switchingpointt?. Thelinearconstraint§22] guarante¢hateach
city is visited exactly onceon eachtour by (only) oneof the salesmenilf arelaxation
of theproblemis investigatedvith someor all w; x € R, then

0wk <l i=1...,n+1 k=1,...,n, [23]
musthold in addition.

The solutionfor a problemwith 5 citiesC; = (100,400), C, = (200, 200), C3 =
(500,100), C4 = (400,300), Cs = (200, 100), and Uz max = v/7 andvmax = v/1000is
displayedin Fig. 6. Thereexist Zzi”;li! = 306 possibletours. A problemformula-
tion with 36 binary variablegGLO 00] resultsin a binary searchtreewith 237 — 1 =
1.374... x 10 nodes,but only 306 combinationsbeing feasiblewith respectto the
correspondindinear constraintq8], i. e., egs.[22] and [23]. The computationfor
B&B with a depth-firststrateyy takes2 hoursand 45 minutesdeterminingthe solu-
tion for 151 nodeson a Linux-PCwith a Pentiumlll/500 MHz processarThe com-
putationaltime for solving a single, relaxed MIOCP varied betweena few seconds
andthreeminutes,while the averagecomputationatime per problemwasaboutone
minute.

REMARK 8. Theminimumtime objective only determineshe solutionfor onesales-
man uniquely andt; only givesan upperboundfor the travel time of the second
salesmanlf the secondsalesmans additionallyrequiredto minimize a further cri-

terion suchasthe enegy subjectto an overall tour time lessthanor equalto tf, then
thetrajectorief thesecondsalesmanvill alsobe (locally) uniquelydeterminedFor

example,if theobjective [14] is replacedby

tf Nu

mian[u|,u||,(o] =ti+p A _Zl(u,%i(t)+uﬁ’i(t))dt [24]

up,upg,

with asmallweightp > 0, thenthesolutionwill belocally uniquelydeterminedhgain.



4. Conclusions

A first methodfor solving numericallygeneralhybrid optimal controlshasbeen
presented A decompositiorapproachs appliedto efficiently solving fairly general
MIOCP’s by branch-and-boundndsparseirectcollocation. The decompositionre-
lies on the capabilitiesof the recently developed,sparsedirect collocationmethod
DIRCOL for efficiently solving optimal control problemswith multivariablenonlin-
eardynamicgdefinedin multiple phasesubjecto nonlinearconstraintsFurthermore,
two new benchmarkhybrid optimal control problemsare presentedor a singleand
two cooperatingnotorizedtraveling salesmen.

Focusof furtherresearctwill bethederivationof betterlower boundse.g., from
adualizationof a hybrid maximumprinciple,and,thus,amoreefficientbinarysearch.
This may alsohelpin extendingthe sparsedirect collocationmethodto attainglobal
solutionsin caseof multiple local minima. Furthermethodsareneededo determine
goodinitial estimate®f thediscretevariablesyielding goodupperboundsandpossi-
bly reducingthe needfor a globalbinary search Finally, in working towardssynthe-
sizingfeedbaclkcontrollersfor MIOCP’s the developmenibf theoriesfor perturbation
andsensitvity analysisof suchproblemsareneededDespitesomeencouragindirst
results researchn nonlinearhybrid optimalcontrolis still atits beginning.
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