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Abstract

A largeclassof optimalcontrolproblemsfor hybriddynamicsystemscanbeformulatedasmixed-integeroptimalcon-
trol problems(MIOCPs).It is theintrinsiccombinatorialcomplexity, in additionto thenonlinearityof thecontinuous,
multi-phaseoptimal control problemsthat is largely responsiblefor the challengesin the theoreticalandnumerical
solutionof MIOCPs. We presenta new decompositionapproachto numericallysolvingfairly generalMICOPswith
binarycontrolvariables.A BranchandBound(B&B) techniqueis appliedto efficiently searchtheentirediscreteso-
lution spaceperforminga truncatedbinarytreesearchfor thediscretevariablesmaintainingupperandlower bounds
on theperformanceindex. Thepartially relaxedbinaryvariablesat an innernodedefineanoptimalcontrolproblem
with dynamicequationsdefinedin multiple phases.Its global solutionprovidesa lower boundon the performance
index for all nodesof thesubtree.If thelowerboundfor agivensubtreeis greaterthanthecurrentglobalupperbound
thenthatentiresubtreeneedno longerbesearched.Themany optimal controlproblemswith nonlinear, continuous
statedynamicsdefinedin multiple phasessubjectto nonlinearconstraintsaresolvedmostefficiently by a sparsedi-
rectcollocationtranscription.Hereby, themulti-phaseoptimalcontrolproblemis transcribedto a sparse,large-scale
nonlinearprogrammingproblembeingsolved efficiently by a tailoredSQPmethod. Despitethe high efficiency of
thesparsedirectcollocationmethod,theefficiency of thedecompositiontechniquefor MIOCPsstronglydependson
thedeterminationof goodlower andupperboundson theperformanceindex beingusedto fathomingentiresubtrees
throughoutthebinarytreesearch.Theproposedapproachis successfullyappliedto two new benchmarkproblemsfor
hybridoptimalcontrol: a motorizedtravelingsalesmananda teamof two cooperating,motorizedsalesmen.
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1 M I XED-I NTEGER OPTI M AL CONTROL

We considera nonlineardynamicalsystemdefinedin
nc � 1 phases� tc

i � tc
i � 1 � � i 	 0 ��
�
�
�� nc, (cf. Fig. 1)

ẋ  t ��	 f � i �  x  t � � u  t � � ω � t � � tc
i � t � tc

i � 1 � (1)

with a piecewisecontinuouslydifferentiablestatevari-
able x : � 0 � t f ����� nx , a piecewise continuouscontrol
variableu : � 0 � t f ����� nu , anda binary control vector
ω � � 0 � 1 � nω. The transition from phasei to phase
i � 1 takesplaceat the usuallyunknown event tc

i , i 	
1 ��
�
�
�� nc, i.e. aswitchingpoint. Themixed-integeropti-
malcontrolproblem(MIOCP)is definedasminimizing
thereal-valued,hybridperformanceindex

J � u � ω � 	 nc � 1

∑
i � 1

ϕ � i �  x  tc
i � 0� � x  tc

i � 0� � ω � tc
i �

� nc

∑
i � 0

� tci � 1

tci

L � i �  x  t � � u  t � � ω � t � dt (2)

with respectto the continuouscontrol variableu and
the discretecontrol vector ω and subjectto stateand
controlvariableinequalityandequalityconstraints

0 � g � i ��� j  x  t � � u  t � � ω � t � � j 	 1 ��
�
�
�� ng � i � � (3) 
authorto whomcorrespondenceshouldbeaddressed

0 	 h � i ��� j  x  t � � u  t � � ω � t � � j 	 1 ��
�
�
�� nh � i � 
 (4)

Number and type of the constraintsdiffer from one
phaseto the other. Furthermore,at initial, final, and
switchingtimesimplicit switchingconditionsmayhold

0 	 r � 0��� j  x  0� � x  t f � � ω � t f � � j 	 1 ��
�
�
�� nr ! 0 " � (5)

0 	 r � i �#� j  x  tc
i � 0� � x  tc

i � 0� � ω � tc
i � � (6)

j 	 1 ��
�
�
$� nr ! i " � i 	 1 ��
�
�
�� nc, aswell asexplicit condi-
tions

x j  0�%	 x0 � j � xk  t f ��	 xf � k �
xl  tc

i � 0�&	 R� i �#� l  x  tc
i � 0� � ω � tc

i � � (7)

where j � k � l areelementsfrom subsetsof
�
1 � 2 ��
�
�
'� nx �

andx0 � j � xf � k aregivenrealconstants.Furthermore,lin-
earconstraintsareimposedonthebinarycontrolvector

lmin � Aω � lmax � A � � nA ( nω � lmin � lmax � � nA 
 (8)

The solutionsto the MIOCP are the optimal (open
loop)trajectoriesof x

�  t � � u �  t � � 0 � t � t f , theoptimal
phasetransitiontimestc �

i , thepossiblyfreefinal time t
�
f

andtheoptimalbinaryparametervectorω
�
.

Remark 1. A generalclassof hybrid optimal con-
trol problemsis definedby determingthe optimal hy-
brid — i.e.,continuousu anddiscretev : � 0 � t f �)�+*-,
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Figure1: Continuousstatedynamicsdefinedin multi-
plephases,phasetransitionsoccuratswitchingtimestc

i .

/ nv — control trajectoriessuchthat a hybrid cost in-
dex 0 t f

0 L  x � u � q � v � dt is minimizedsubjectto the sys-
temdynamicṡx 	 f  x � u � q � v � t � andfurtherconstraints,
wherex denotesthe continuousstateandq : � 0 � t f �1�2 , / nq the discretestate[6]. Assuminga finite, ei-
thergivenor bounded,numberof switchingsfor bothq
andv, thenthe hybrid optimal controlproblemcanbe
transformedinto aMIOCPwith integervariableswhich
mayberepresentedby binaryvariables[6].
Remark 2. The “nature” of the binary control vector
ω appearingin MIOCP is ambivalent.On theonehand
it representsthediscretecontrolvariablev thatcontrols
the order and typesof phasetransitions,on the other
handit alsorepresentsthediscretestateq in eachphase.

2 DECOM POSI TI ON USI NG BRANCH AND BOUND

AND SPARSE DI RECT COL L OCATI ON

No generalsolutiontechniquesto addressthe classof
MIOCPsarecurrentlyavailable.

A framework for modelingand(optimally) control-
ling mixedlogical dynamicalsystemsdescribedby lin-
eardynamicequationssubjectto linear inequalitiesin-
voling realandintegervariableshasbeenproposedby
[4]. The on-line optimizationproblemsresultingfrom
a predictive control schemearesolved numericallyby
applicationof a mixed-integerquadraticprogramming
branch-and-boundmethod. However, the approachis
not applicableto our classof MIOCPswith nonlinear
dynamicsequationssubjectto nonlinearconstraints.

By discretizingthecontinuousstateandcontrolvari-
ablesof MIOCPs, the resultingmixed-integer nonlin-
earlyconstrainedoptimizationproblems(MINLPs) are
in generallynonconvex. Consequently, therecentlyde-
velopednumericalmethodsfor convex MINLPs [1, 9]
cannot be applied, since the boundingpropertiesof
the relaxedproblemcannotbeachieved[2]. However,
thereis anotherreasonwhy MINLP techniquesarenot
suitedat all: The actualvalueof the discretevariable
determinesthesequence,typeandnumberof phasedy-
namics.Thus,theactualdynamicsin a phaseandeven
the dimensionor numberof constraintsmay be com-
pletelydifferentfor differentvaluesof thediscretevari-
able. A discretizationof thecontinuousvariable,how-
ever, mustdependon the dynamicsandconstraintsto
be any effective or definedat all. This fact hasfound
almostnoobservationin theliteratureyet!

A prerequisitefor thenumericalsolutionof MIOCPs
is the ability to efficiently solve optimal control prob-
lems with nonlineardynamical equationsdefined in
multiple phasessubjectto nonlinearconstraints.The
recently developed sparsedirect collocation method
DIRCOL (Sect.2.2)satisfiestheserequirements.

A naive solutionapproachto MIOCP is to enumer-
ate the feasiblediscretecontrol space,i.e., determin-
ing all ω , � 0 � 1 � nω satisfyingEq. (8), andsolving all
the resulting“continuous”multi-phaseoptimalcontrol
problemsrelatedto eachof the binary control values.
However, even for moderatedimensionsof ω, this ap-
proachis not feasiblebecauseof theNP-completeness
of the discreteoptimization problem(cf. exampleof
Sect.3.1).

2.1 DecompositionUsingBranch and Bound

Themotivationfor a decompositionapproachis to po-
tentially avoid an explicit enumerationof the entire
feasiblediscretecontrol space

�
0 � 1 � nω by solving se-

quencesof problemsproviding rigorous upper (non-
increasing)and lower (nondecreasing)boundson the
MIOCP performanceindex that converge in a signifi-
cantlysmallernumberof iterations.

To obtainan upperbound,the componentsof ω are
setto a combinationof 0 or 1 satisfyingthelinearcon-
straints(8). Hereby, the MIOCP is reducedto a “con-
tinuous”,multi-phaseoptimal controlproblem(primal
problem),whosesolutionis assumedandits globalop-
timum yields a rigorousupperboundon the MIOCP
performanceindex. A lower boundis obtainedby the
global optimal solution to a multi-phaseoptimal con-
trol problemfor a binary control vectorwith partially
relaxedcomponents0 � ωi � 1, i � � 1 � 2 ��
�
�
�� nω � .

ωi354 0 6 17
0 1

Figure 2: Branchingat an inner node of the binary
searchtree.

A branchandboundtechniquemaystartfrom a root
of the binary searchtree, where all binary variables
are relaxed if the underlying MIOCP permits it. In
eachinner nodesomeof the binary variablesare0 or
1, all othersare relaxed (Fig. 2). At the endsof the
searchtree,all binaryvariablesare0 or 1. At an inner
node, the global solution of the correspondingmulti-
phaseoptimalcontrolproblemyieldsa lowerboundon
the achievableperformanceindex for all nodesof the
subtree. If the lower boundin a nodeis greaterthan
the currentbestupperboundof the whole searchtree,
thenall subsequentbranchesfrom this nodecanbecut
off. Thus,theefficiency of theB&B binarytreesearch
stronglydependson goodlower andupperbounds,es-
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peciallyon a goodinitial upperbound,i.e., a goodini-
tial estimateof ω

�
.

Variousstrategiesfor B&B exist onhow to selectthe
branchingvariable(suchasfirst freevariableor maxi-
mumfractionalpart)andhow to explorethetree(such
asdepthfirst or breadthfirst). Currently, it is not clear
yetwhichstrategy performsbestfor which MIOCP.
Remark 3. B&B for thebinarycontrolvectorrequires
existenceof solutions to relaxed MIOCPs, or more
precisely, the existenceof continuousrelaxationsto
MIOCP. For someMIOCPs,relaxationsmayexist nat-
urally, althoughtherelaxedproblemdoesn’t needto be
of any physicalsignificancewith respectto the under-
lying application. Usually additionalmodelingeffort
will be requiredin defining suitable“meta”-MIOCPs
allowing useful relaxationsanalogouslyto the defini-
tion of superstructuresfor mixed-integernonlinearpro-
grammingproblems[1].
Remark 4. As it is to beexpectedthatsomemodeling
effort for theMIOCPmustbemadebeforeapplyingnu-
mericalmethods,it hasbeensuggestedto derive suit-
ably simplified andproblemspecific“screeningmod-
els” [2]. A screeningmodelcanbe solved to simulta-
neouslyguaranteeglobaloptimality andto yield a rig-
orouslower boundon thesolutionto theMIOCP, thus
avoidingtheneedfor dealingwith relaxedMIOCPs.An
applicationfor asimplebatchprocessdevelopmenthas
successfullybeeninvestigatedin [2].
Remark 5. TheB&B binarytreesearchincorporatesa
high parallelismthat canbe employed in future inves-
tigationson a massively parallel computingplatform
as the communicationbetweenprocessorscan be ne-
glectedwhencomparedto thecomputationaltimefor a
multi-phaseoptimalcontrolproblemin anode.
Remark 6. Thelinearconstraints(8)onthebinarycon-
trol vectorareusedduringtheB&B approachto elimi-
natenodesbeforesolvingany relaxedMIOCPs.
Remark 7. Thechallengein solvingrelaxedMIOCPs
duringthebinarytreesearchcannotbeunderestimated.
Thereis no numericalmethodavailablethatsolvesop-
timal control problemswith nonlineardynamicsde-
fined in multiple phasesandsubjectto nonlinearcon-
straintsand with phasetransitionsat unknown times
guaranteedto theglobaloptimumor thatevenguaran-
teesa locally optimalsolutionatall. However, notonly
the global optimum is of interest. For many typesof
MIOCPseven a “good” solutionobtainedby the pro-
posedapproachthat significantly improves the initial
guesswill behighly appreciated.

2.2 SparseDir ectCollocation for Multi-Phase Op-
timal Control Problems

The “continuous” multi-phaseoptimal control prob-
lems that are obtainedfrom Eqs. (1) – (8) by having
somecomponentsof ω fixedto 0 or 1 andsomerelaxed
still includeseveraldiscreteeventeffects.For example,
theorderof phasetransitionsis givenbut not thetimes
of switchings. Furtherswitching pointsalso describe

u~

ntk k+2t t ...... tk+1/2 tk+1

f(x,u,t      )k+1/2
x~
.

x~

t  =t1i t    = t(i)
i+1

(i)(i)(i)(i)(i)

(i)

cc

Figure3: Directcollocationparameterizationof contin-
uousstateandcontrolvariables.

the times when a stateor control variable inequality
constraint(3)becomesactiveor inactiveduringaphase.

Numerical optimal control methodsbasedon the
Euler-Lagrangedifferentialequations(EL-DEQs)and
the Maximum Principle (MP) can mainly be divided
into two classes:directandindirectmethods[16]. Indi-
rectmethodsapproximateasolutionby explicitly solv-
ing first andsecondorderoptimality conditionsresult-
ing from EL-DEQsandtheMP. For reasonsalreadydis-
cussedin [6, 12, 16] they arenotflexible enoughfor the
purposeneededhere.

Direct methodsarebasedon a transcriptionof opti-
mal control problemsinto (finite dimensional)nonlin-
earlyconstrainedoptimizationproblems(NLPs)either
by direct shootingor direct collocation[5, 16]. Direct
methodspromisehigh flexibility androbustnesswhen
solvingoptimalcontrolproblemsnumericallyto low or
moderateaccuracies.

However, in many practicalapplicationstheproblem
functionshave only low, local differentiability proper-
ties, i.e., discontinuitiesin the first or secondderiva-
tives. Thus, obtaining a useful gradientapproxima-
tion for shooting-typediscretizationsis muchmorein-
volved,sincea numericalsensitivity analysisof initial
valueproblemswith switchingpointsmustbe carried
out, e.g.,[2]. On theotherhand,for a collocation-type
discretization,only a careful,but muchcheaperfinite
differenceapproximationis sufficient with usually no
needfor specialtreatmentof discontinuitiesin first or
secondderivativesbyswitchingfunctions.Additionally
appealingin the direct collocationapproachis the po-
tentially fastercomputationcomparedto direct shoot-
ing becausetheODEsimulation(1) andthecontrolop-
timizationproblems(2), (3) aresolvedsimultaneously
for collocationandnot iteratively as for shooting. To
achieve full speed-upfor collocation,theNLP sparsity
must be fully utitilized. Otherwisethe NLP sizewill
severly limit theefficiency.

We apply a discretizationof x by piecewise cubic
Hermite polynomials x̃  t �8	 ∑ j α j x̂ j  t � and of u by
piecewise linear functionsũ  t �9	 ∑k βkûk  t � on a dis-

cretizationgrid tc
i 	 t

� i �
1 � t

� i �
2 � 
�
�
 � t

� i �
n
! i "
t

	 tc
i � 1 in each

phase(Fig. 3) [12]. The equationsof motions(1) are
pointwisefulfilled at thegrid pointsandat their respec-
tivemidpointsresultingin asetof nonlinearNLPequal-
ity constraintsa  y ��	 0 (collocationat Lobattopoints).
Any controlor statevariableinequalityconstraintsare
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to besatisfiedat thegrid pointsresultingin setof non-
linearNLP inequalityconstraintsb  y �;: 0. Here,y de-
notestheny parametersof theparameterization

y 	< α1 � α2 ��
=
>
=� β1 � β2 ��
>
=
>� p � tc
1 ��
�
�
$� tc

nc � t f � T 

wherepi �?� 0 � 1� � i 	 1 ��
�
�
�� np denotesthesubsetof re-
laxed binary variables.The resultingnonlinearlycon-
strainedoptimizationproblembasicallyreadsas

NLP: min
y

φ  y � subjectto a  y ��	 0 � b  y �@: 0 �
whereφ denotestheparameterizedcostindex (2).

A carefully selecteddiscretizationũ, x̃ must sat-
isfy certain convergence properties. One require-
ment is that the discretizedsolution must approx-
imate a solution of the EL-DEQs and the Maxi-
mum Principle if the grid becomesfine enough,i.e.,

for n
� i �
t � ∞ andmax

�
t
� i �
k� 1 � t

� i �
k : k 	 1 ��
�
�
�� n � i �t � 1 � �

0, cf. [12]. Anothergreatadvantageof thedirectcollo-
cationapproachis that it providesreliableestimates̃λ
of theadjointvariabletrajectoryalongthediscretization
grid. Theseestimatesare derived from the Lagrange
multipliersof theNLP [12]. They enablea verification
of optimality conditionsof the discretizedsolutional-
thoughtheEL-DEQshavenot beensolvedexplicitly.

Local optimality error estimatescanbe derived that
enableefficient strategies for successively refining a
first solutiononacoarsegrid [12, 14]. Thus,asequence
of relatedNLPs mustbe solvedwhosedimensionsin-
creasewith thenumberof grid points.

NLPscanbe solvedmostefficiently numericallyby
SQPmethods. In eachSQPiteration a currentguess
of the solution y

�
is improved by the solution of a

quadraticsubproblemderivedfrom aquadraticapprox-
imationof theLagrangianof theNLP subjectto thelin-
earizedconstraints[3, 8].

The NLPs resulting from a direct collocation dis-
cretizationhave several specialproperties[15]: The
NLPs areof large-scalewith very many variablesand
very many constraints. Most of the NLP constraints
areactive at the solution,e.g.,the equalityconstraints
from collocation.Thus,thenumberof “free” NLP vari-
ablesis much smaller than the total numberof vari-
ablesny. TheNLP Jacobians ∇a  y � � ∇b  y ��� aresparse
andstructured.Only a few percentof theelementswill
benonzero,andthepercentagedecreasesasthenumber
of grid pointsincreases.The NLP objective φ  y � only
dependson a few, fixednumberof variables,indepen-
dently of the actualgrid size,if the objective (2) is of
Mayertype,i.e.,L A 0.

All thesefeaturescanbeutilized by therecentlyde-
velopedDIRCOL [14] which appliesthe recentlarge-
scaleSQPmethodSNOPT[8] whichpartitionstheNLP
variablesinto basic,superbasicandnonbasicvariables.
TheHessianof theNLP Lagrangianis approximatedby
limited-memoryquasi-Newton updatesand a reduced
Hessianalgorithmis usedfor solving theQPsubprob-
lems.Thenull-spacematrix of theworking setin each
iterationis obtainedfrom asparseLU factorization.

The computationalspeedupachievableby fully uti-
lizing the NLP structureis more than a factor of one
hundredfor typical discretizedoptimal control prob-
lems whencomparedto standard“dense”SQPmeth-
ods[15].
Remark 8. DIRCOL [14] is especiallysuitedfor solv-
ing the relaxedMIOCPsbecauseof its exceptionalro-
bustnessandefficiency. Typically only a crudeinitial
guessof partsor all of thesolutiontrajectoriesof a re-
laxed MIOCP canbe provided. This holdsespecially
for the phasetransition times which may have quite
differentpositionsat the solution thanas they can be
providedinitially. Thelargemovementsof eventsfrom
their initial to their final positionduring the courseof
the optimizationmethodusuallyposehigh difficulties
for othermethods.Ontheotherhand,aninitially crude
solutionestimateon a rathercoarsediscretizationgrid
is notahandicapto DIRCOL but theusualwayhow the
solutionprocedurebegins. Finally, a relaxed MIOCP
doesn’t needto besolvedto thefinestgrid neededfor a
given tolerance.If the optimality error estimateof the
performanceindex providedby DIRCOL is taken into
account,thenthecomputationaleffort for solvingfor a
refinedgrid canbe avoided if the error estimateindi-
catesthattheresultfor thecurrentgrid cannotbebelow
thecurrentupperbound.

3 HYBRI D OPTI M AL CONTROL PROBL EM S FOR

TRAVEL I NG SAL ESM EN

In thissectionweintroduceanddiscusstwo new bench-
markproblemsfor hybridoptimalcontrol.Their major
benefitsarethat they intuitively help to understandthe
basic problemsencounteredin hybrid, mixed-integer
optimal control, and that they are easily scalablein
termsof their combinatorialcomplexity while thecon-
tinuouscomplexity remainsmoderate.

3.1 The motorized traveling salesmanproblem

C3

C C21

α

y

x

v

Figure4: Themotorizedtravelingsalesman.

A salesmanspendshis timevisiting nc citiescyclically.
In one tour he passesby each city just onceand fin-
ishesup in the origin where he started. In what or-
der shouldhe visit themto minimizethe overall travel
time? The Traveling SalesmanProblem(TSP) is one
of themostprominentmembersof combinatorialopti-
mization problems[7, 11]. Here, we introducea hy-
brid dynamicalextensionof theTSPto demonstratethe
stronginteractionof continuousanddiscretedynamics
in hybrid optimal control [15] beingfirst presentedto
thescientificpublic in [13]. Thesalesmanis supposed
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to drive a car (Fig. 4). The task is to determinethe
steeringanglevelocity γ andthe acceleratingor brak-
ing forceβ (continuouscontrols)andtheorder(discrete
control)in which thenc citiesCk 	< xc

k � yc
k � T haveto be

visited suchthat the overall travel time is minimized.
Thereare no further restrictionson the path, i.e., the
“road”, in the  x � y� -plane.

0

1

2

0 1 2
-2

-1

0

1

2

0 2 4 6 8
(a) C1 B C2 B C3 and
C3 B C2 B C1: t f C 7 D 617

(a)velocityv;
verticallinesdepicttc

1 � tc
2 � tc

3

0

1

2

0 1 2
-1

0

1

0 2 4 6 8
(b) C2 B C3 B C1 and
C1 B C3 B C2: t f C 10D 02

(a) control variable β
(solid line); adjoint
variableλv (dashedline)

0

1

2

0 1 2
-1

0

1

0 2 4 6 8
(c) C3 B C1 B C2 and
C2 B C1 B C3: t f C 10D 77

(a) steeringanglevelocity
γ 	 α̇ (solid line); adjoint
variableλα (dashedline)

Figure 5: Left: minimum time tour candidatesfor 3
cities in the  x � y� -plane;minimumtime problemsolu-
tion is (a). Right: selectedstate,control and adjoint
variablesfor (a).

A simplifiedkinematicalmodelof thecaris givenby

ẋ  t �%	 v  t � cos α  t ��� � x  0�E	 0 	 x  t f � �
ẏ  t �%	 v  t � sin α  t ��� � y  0��	 0 	 y  t f � �
v̇  t �%	 β  t � � v  0��	 0 	 v  t f � �
α̇  t �%	 γ  t � � α  0� � α  t f � free�F
β  t � F � 1 � F

γ  t � F � 1 

(9)

A phasedescribesthetravel betweentwo cities. Thus,
thenumberof phasesis nc � 1. Let tc

i denotethe time
whenthe i-th city is passed.Thenthe motorizedTSP
(MTSP)is formulatedasaMIOCPaccordingto Sect.1
with u 	G γ � β � T , x 	H x � y� v� α � T , ω � � 0 � 1 � nc ( nc, and

min
u � ω J � u � ω � : 	 t f (10)

r � i �  x  tc
i � 0� � x  tc

i � 0� � ω � tc
i �

: 	JI x  tc
i � 0�

y  tc
i � 0�LK � nc

∑
k� 1

ωi � k I xc
k

yc
k K (11)

x  tc
i � 0�M	 R� i �  x  tc

i � 0� � ω � tc
i � 0� : 	 x  tc

i � 0� (12)
nc

∑
i � 1

ωi � k 	 1 � nc

∑
k� 1

ωi � k 	 1 � 0 � ωi � k � 1 
 (13)

Thelatterconstraintsensurethateachcity is visitedex-
actly onceon eachtour. Eachtour, i.e., eachfeasible
ω is a permutationof nc cities. The problem is au-
tonomousand without active stateconstraints. Thus,
MTSP is symmetricasa tour driven forward or back-
wardsyieldsthesametravel time. Therefore,thenum-
berof possibletoursis  nc � ! N 2. Thenumberof toursin-
creasesnotpolynomiallywith thenumberof cities.For
example,for 3 citiesthenumberof toursis3, for 5 cities
it is 60, for 10 citiesit is 1 814400,andfor 50 cities it
is approximatelyO 1 
 52 P 1064. Now if weassumethat
all toursfor 5 citiescanbecomputedin onesecondin-
clusive the selectionof the bestone,thento solve the
problemfor 20 cities in this way by total enumeration
will needapproximately20! N 5! O 2 
 03 P 1016s O 643
million years.TheTSPis NP-complete!

For nc 	 3 citiesC1 	Q 1 � 2� , C2 	Q 2 � 2� , C3 	Q 2 � 1� ,
thethreepossibletoursaredisplayedin Fig.5 (left). For
eachof thetoursthecontinuouscontrolsandswitching
timeshave beenoptimizedusingDIRCOL (Sect.2.2)
with respectto the terminal time for a given discrete
variable,i.e., orderof cities, i.e., sequenceof phases.
Thereare2nc R nc 	 512possiblecombinationsfor ω and
the binary searchtreeconsistsof 2nc R nc � 1 � 1 	 1023
elements,but only  nc � ! 	 6 beingfeasiblewith respect
to (13). Becauseof thesymmetryonly threeremain.

The estimatesof the adjoint variablesprovided by
DIRCOL are used to check the computedsolution
(Fig.5, left (a))for consistency to theEL-DEQsandthe
Maximum Principle: Both controlsappearlinearly in
theHamiltonianH : 	 λxvcosα � λyvsinα � λvβ � λαγ.
Thus, λv S 0 T β 	 � 1 and λv � 0 T β 	 � 1 are
conditionssatisfiedby the computedsolution (Fig. 5,
middle right). An analogousargumentholdsfor γ and
λα (Fig. 5, bottom right). In addition, two intervals� 0 � 1 
 28� , � 6 
 82� t f � of singularcontrol γ appearwhere
λα  t �U	 0. The existenceof thesetwo singularcon-
trol intervalsis not surprising.Becauseα  0� andα  t f �
arefree,λα  0��	 ∂ϕ N ∂α  0�E	 0 	 ∂ϕ N ∂α  t f �E	 λα  t f �
musthold.

3.2 Two cooperatingmotorized traveling salesman

Two salesmenstart their tours in theorigin andreturn
to it aftereachcity hasbeenvisitedjustoncebyoneand
only oneof them. Which of the cities and in what or-
der shouldeach of thesalesmenvisit themto minimize
the overall travel time? We considera hybrid, coop-
erative dynamicgameextensionof the MTSP for two
salesmenrepresentingthe classof ratherautonomous
dynamicagentsthatcooperateoptimally [10, 13, 15].

Thesolutionfor 5 citiesis displayedin Fig. 6. There
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Figure6: Thetoursof two cooperatingmotorizedsales-
mento 5 cities.

exist 2∑nc
i � 1 i! 	 306possibletours. A problemformu-

lation with 36 binaryvariables[10, 13, 15] resultsin a
binarysearchtreewith 237 � 1 	 1 
 374
=
>
 P 1011 nodes,
but only 306 combinationsbeingfeasiblewith respect
to thecorrespondinglinearconstraints(8). Thecompu-
tationfor B&B with a depth-firststrategy takes2 hours
and45 minutesto solve for 151 nodeson a Linux-PC
with a PentiumIII/500 MHz processor. The problem
solution time for a single, relaxed MIOCP variedbe-
tweenafew secondsandthreeminutesalthoughtheav-
eragesolutiontime perproblemwasaboutoneminute.

Theminimumtimeobjectiveonly determinestheso-
lution for onesalesmanuniquely, andt

�
f only givesan

upperboundfor thetravel timeof thesecondsalesman.
If the secondoneis additionallyrequiredto minimize
theenergy subjectto anoverall tour time lessor equal
t
�
f , thenthe trajectoriesof the secondonewill alsobe

(locally) uniquelydetermined.

4 CONCL USI ONS

A first methodto solving quitegeneralhybrid optimal
controlsis presented.A decompositionapproachis ap-
plied to efficiently solving fairly generalMIOCPs by
branch-and-boundand sparsedirect collocation. The
decompositionrelieson the capabilitesof the recently
developed,sparsedirect collocationmethodDIRCOL
for efficiently solving optimal control problemswith
multivariablenonlineardynamicsdefinedin multiple
phasessubjectto nonlinearconstraints.Furthermore,
two new benchmarkhybrid optimal control problems
arepresentedfor a singleandtwo cooperatingmotor-
izedtravelingsalesman.

Focusof further researchwill be the derivation of
betterlower bounds,e.g., from a dualizationof a hy-
brid maximumprinciple,and,thus,a moreefficient bi-
narysearch.Thismayalsohelpin extendingthesparse
direct collocationmethodto attainglobal solutionsin
caseof multiple local minima. Furthermethodsare
neededto determinegood initial estimatesof the dis-
cretevariablesyielding goodupperboundsandpossi-
bly relaxingtheneedfor aglobalbinarysearch.Finally,
towardssynthesizingfeedbackcontrollersfor MIOCPs
the developmentof theoriesfor perturbationandsen-
sitivity analysisof suchproblemsareneeded.Despite
theencouragingfirst results,researchin numericalhy-
brid optimalcontrolis still at thebeginning.
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